Solutions to Exercises Week 4, Stochastic Calculus

1. Integration by partsf; f(s (s) f(t ) (t) — N Whenf( ) = g(-),
andg(0) = 0, we find [ g(s)dg(s) = g(t fo ), and hencgf0 dg(s) = 39(t)*.
Itd’s Lemma applied tg (¢, Bt) = BZ The underlylng process B;, with volatlllty or=1.The
function f has derivative®f /0t = 0, 0f /0B, = 2By, andd?f /0B? = 2, so that

df(t, By) = d(B}) = 2B,dB, + 32dt = 2B,dB, + dt,

so thatB,dB, = 1[d(B?) — dt]. Integrating fronD to ¢ gives

/OtBSdBfé(/Otd(Bsp_/otds) —L(B2-1).

2. The underlying process; has volatilityoc, = o. The functionf(t, X;) has derivative® f /0t =
0, 0f/0X; = exp(X;) = Sy, andd?f/0X} = exp(X;) = S;, because the derivative of the
exponential function is the exponential function itself. TherefofEs ltemma gives
df(t, Xy) =dSy = SidX; + LSio?dt
= aSdt +0SdB; + $0°Sydt
= (a + %02) Sidt + 0SidB;.
3. The underlying proces$; has volatilityc; = ¢S;. The functionf (¢, S;) = In S; has derivatives

af /ot =0,0f/0S; = 1/S;, andd*f/0S? = —1/S2. Therefore, Ib’s Lemma gives

—dX, = Las, o+ i(_L 2
df(t, St) == dXt = StdSt 2 < St2> (O'St) dt
= pdt+odB, — $o°dt

= (,u— 50 )dt+adBt
4. Note thatXy = €'Yy = Y,. Furthermoref) e 7t=*)dB, = e * [ 7*dB,. This leads to

t
Xi=eY, = 'u+Xo—p+ J/ e’ d By
0

t
= Xo+ule?—1]+ a/ e’ dBs.
0

The functionu[e” — 1] has derivativeiye™, or in other wordsu[e?® — 1] = vy f(f e¥%ds. This
means that, with drift,, = e and volatilityo, = o€, X, is the 1 process

Xy = X0+/tu5ds+/tasst
=  dX, = pdt+ g'tdBt. ’
The functionf (¢, X;) = e~ "' X, has derivative® f /0t = —ve'' Xy = —Y;, 0f /0X; = e,
andd?f/0X? = 0. Therefore, 's Lemma gives
dY, = —Ydt+e "dX, + 1007dt
= —AYdt + pydt + od B,
= —(Y; — p)dt + odBy.



5. Lett; = ih. Using the original formula fok;, we have

t;
Yi— =Yy, —p=e "[Yy— p] + oe " / e’ dBs.
0

Similarly,
ti—1
plyia—p) = e Vi, —p) = eI — p) 4 el th) / "*dB,
0
ti—1
= e MYy — u] +oe / e’ dBs.
0
Therefore,

t;
yi — o — p(yi—1 — p) = oe " / e"*dBs = ¢;.

ti—1

Using the fact that for a general non—stochas’gi,cft; osdBs ~ N (0, ftt,l aﬁds) , we find that

ti t;
g =cge M / €’*dBs ~ N (0, [06_7“]2/ [e7%]? ds) .
ti—1 ti—1

The variancer? of ¢; can be further expressed as

t; t
O'g —_ 0_26—2fyti / 6275(18 — 0_26—2'yt7; |:2Le2'ysi|
Y )
ti—1 ti—1

_ 026727@[%62%1 _ %62%,1}
= o[l — e Pt} /(29)
= A1-eM)/(2)
= X (1-p")/(2y).
Hences; ~ N(0,02). What remains to be shown is thatande; are independent. This follows
from the fact thes;’s are increments, multiplied bye="%, of the 1D processfot e’ dBs which
has independent increments (becawi$ds non-stochastic).

Solutions to Exercises Week 5, Stochastic Calculus

1. X, satisfies the SDHX; = udt + o/ Xd By, so thatX; has volatilityo; = o/ X;.

(a) The functiony; = f(t, X;) = X/* has derivative®) f /0t = 0, df/0X; = 1 X, '/, and
0?fl0XE = —%Xt_g/Q. Therefore, 1&’'s Lemma gives

1 1 1 2
W, = godXity <_W> (a\/Xt) dt
2

7 o o
= dt + =dB, — ——dt
20WX; 277 8VX,
2
7! o o
= L (u-= ~dB,.
QY% <M 1 > dt + 2d t



(b) Since the square root df; is involved, bothX; andY; should be non-negative. [f is
negative, then the process will drift below zero and therefore the volatility o/ X; will
no longer be defined. If is zero, then a strongly negative incrementBpmay push it
towards (or even below) zero, which leads to the same problem. Oplysifsufficiently
large, the process will be pushed away from zero.

(c) If u = 202 thendY; = LodB,, so thaty; = Y; + $0B; and henceX, = (Y, + %aBt)2.
This solution does not make any sense, because Y, + %aBt may become negative, and
Y; = v X; of course can never become negative.

2. Let’s call the three approximatiorjél), St(z) and St(?’) (binomial, Euler level, Euler log) of the
geometric Brownian motiodS; = u.Sidt + 0S;dB;. Furthermore assume that alle three approx-
imations are defined with time steps= ih, h = §t = T'/n. Consider two time pointg, < ¢,
and the increments of the logarithms of these three approximationﬁf}:)owe have

whereY; is either—ov/h or +ov/'h, the latter with probability = (1 + £+/h). The distribution
of R is binomial, but approximately (by the central limit theoreMju[t; — t;], o2[t; — t1])
where the approximation gets betteramcreases. Faﬁt@), we have

l
St(lz) - SIS:) + Z 5151231 [Mh + U(Bti - Btif1)] .

i=k+1
This means that
2) St L5
2) o i—1
RY =log gy = log |1+ 3 <@ [+ (B = Buy)]

tr i=k+1 tr

l (2)

S

Y (2)1 [h+ (B, — By, )]
1=k+1 tr

Q

> [uh+o(By, - Bi,_,)]

ikt
~ N(ult; — t], 0%t — ti]),

S0 again we need an approximation to get the right normal distribution for the log-return. Finally,
for St(g) we have

5(3) l
R(S) = log St(l?)) = Z [Mh‘ + U(Bti - Bti—l)] ~ N(:U’[tl - tk]ﬂ 02[tl - tk])ﬂ
tr i=k+1

exactly, without any approximation. Therefore, as long as we look at the prS&%ﬁ the time
pointst;, it has exactly the right distribution, whethelis small or large.



