
Solutions to Exercises Week 4, Stochastic Calculus

1. Integration by parts:
∫ t
0 f(s)dg(s) = f(t)g(t) − f(0)g(0) − ∫ t

0 g(s)df(s). Whenf(·) = g(·),
andg(0) = 0, we find

∫ t
0 g(s)dg(s) = g(t)2 − ∫ t

0 g(s)dg(s), and hence
∫ t
0 g(s)dg(s) = 1

2g(t)2.

Itô’s Lemma applied tof(t, Bt) = B2
t : The underlying process isBt, with volatility σt = 1. The

functionf has derivatives∂f/∂t = 0, ∂f/∂Bt = 2Bt, and∂2f/∂B2
t = 2, so that

df(t, Bt) = d(B2
t ) = 2BtdBt + 1

22dt = 2BtdBt + dt,

so thatBtdBt = 1
2 [d(B2

t ) − dt]. Integrating from0 to t gives∫ t

0
BsdBs = 1

2

(∫ t

0
d(Bs)2 −

∫ t

0
ds

)
= 1

2

(
B2

t − t
)
.

2. The underlying processXt has volatilityσt = σ. The functionf(t, Xt) has derivatives∂f/∂t =

0, ∂f/∂Xt = exp(Xt) = St, and∂2f/∂X2
t = exp(Xt) = St, because the derivative of the

exponential function is the exponential function itself. Therefore, Itô’s Lemma gives

df(t, Xt) = dSt = StdXt + 1
2Stσ

2dt

= αStdt + σStdBt + 1
2σ2Stdt

=
(
α + 1

2σ2
)
Stdt + σStdBt.

3. The underlying processSt has volatilityσt = σSt. The functionf(t, St) = lnSt has derivatives

∂f/∂t = 0, ∂f/∂St = 1/St, and∂2f/∂S2
t = −1/S2

t . Therefore, It̂o’s Lemma gives

df(t, St) = dXt =
1
St

dSt +
1
2

(
− 1

S2
t

)
(σSt)2dt

= µdt + σdBt − 1
2σ2dt

=
(
µ − 1

2σ2
)
dt + σdBt.

4. Note thatX0 = e0tY0 = Y0. Furthermore
∫ t
0 e−γ(t−s)dBs = e−γt

∫ t
0 eγsdBs. This leads to

Xt = eγtYt = eγtµ + X0 − µ + σ

∫ t

0
eγsdBs

= X0 + µ[eγt − 1] + σ

∫ t

0
eγsdBs.

The functionµ[eγt − 1] has derivativeµγeγt, or in other wordsµ[eγt − 1] = µγ
∫ t
0 eγsds. This

means that, with driftµt = µγeγt and volatilityσt = σeγt, Xt is the It̂o process

Xt = X0 +
∫ t

0
µsds +

∫ t

0
σsdBs

⇐⇒ dXt = µtdt + σtdBt.

The functionf(t, Xt) = e−γtXt has derivatives∂f/∂t = −γeγtXt = −γYt, ∂f/∂Xt = e−γt,

and∂2f/∂X2
t = 0. Therefore, It̂o’s Lemma gives

dYt = −γYtdt + e−γtdXt + 1
20σ2

t dt

= −γYtdt + µγdt + σdBt

= −γ(Yt − µ)dt + σdBt.
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5. Let ti = ih. Using the original formula forYt, we have

yi − µ = Yti − µ = e−γti [Y0 − µ] + σe−γti

∫ ti

0
eγsdBs.

Similarly,

ρ(yi−1 − µ) = e−γh(Yti−1 − µ) = e−γ(ti−1+h)[Y0 − µ] + σe−γ(ti−1+h)

∫ ti−1

0
eγsdBs

= e−γti [Y0 − µ] + σe−γti

∫ ti−1

0
eγsdBs.

Therefore,

yi − µ − ρ(yi−1 − µ) = σe−γti

∫ ti

ti−1

eγsdBs = εi.

Using the fact that for a general non-stochasticσt,
∫ ti
ti−1

σsdBs ∼ N
(
0,
∫ ti
ti−1

σ2
sds
)

, we find that

εi = σe−γti

∫ ti

ti−1

eγsdBs ∼ N

(
0,
[
σe−γti

]2 ∫ ti

ti−1

[eγs]2 ds

)
.

The varianceσ2
ε of εi can be further expressed as

σ2
ε = σ2e−2γti

∫ ti

ti−1

e2γsds = σ2e−2γti
[

1
2γ e2γs

]ti
ti−1

= σ2e−2γti [ 1
2γ e2γti − 1

2γ e2γti−1 ]

= σ2[1 − e−2γ[ti−ti−1]]/(2γ)

= σ2(1 − e−2γh)/(2γ)

= σ2(1 − ρ2)/(2γ).

Henceεi ∼ N(0, σ2
ε). What remains to be shown is thatεi andεj are independent. This follows

from the fact theεi’s are increments, multiplied byσe−γti , of the It̂o process
∫ t
0 eγsdBs which

has independent increments (becauseeγs is non-stochastic).

Solutions to Exercises Week 5, Stochastic Calculus

1. Xt satisfies the SDEdXt = µdt + σ
√

XtdBt, so thatXt has volatilityσt = σ
√

Xt.

(a) The functionYt = f(t, Xt) = X
1/2
t has derivatives∂f/∂t = 0, ∂f/∂Xt = 1

2X
−1/2
t , and

∂2f/∂X2
t = −1

4X
−3/2
t . Therefore, It̂o’s Lemma gives

dYt =
1

2
√

Xt
dXt +

1
2

(
− 1

4X
3/2
t

)(
σ
√

Xt

)2
dt

=
µ

2
√

Xt
dt +

σ

2
dBt − σ2

8
√

Xt
dt

=
µ

2Yt

(
µ − σ2

4

)
dt +

σ

2
dBt.
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(b) Since the square root ofXt is involved, bothXt andYt should be non-negative. Ifµ is

negative, then the process will drift below zero and therefore the volatilityσt = σ
√

Xt will

no longer be defined. Ifµ is zero, then a strongly negative increment inBt may push it

towards (or even below) zero, which leads to the same problem. Only ifµ is sufficiently

large, the process will be pushed away from zero.

(c) If µ = 1
4σ2 thendYt = 1

2σdBt, so thatYt = Y0 + 1
2σBt and henceXt =

(
Y0 + 1

2σBt

)2
.

This solution does not make any sense, becauseYt = Y0 + 1
2σBt may become negative, and

Yt =
√

Xt of course can never become negative.

2. Let’s call the three approximationsS(1)
t , S

(2)
t andS

(3)
t (binomial, Euler level, Euler log) of the

geometric Brownian motiondSt = µStdt + σStdBt. Furthermore assume that alle three approx-

imations are defined with time stepsti = ih, h = δt = T/n. Consider two time pointstk < tl,

and the increments of the logarithms of these three approximations. ForS
(1)
t , we have

R(1) = log
S

(1)
tl

S
(1)
tk

=
l∑

i=k+1

Yi,

whereYi is either−σ
√

h or +σ
√

h, the latter with probabilityp = 1
2(1+ µ

σ

√
h). The distribution

of R(1) is binomial, but approximately (by the central limit theorem)N(µ[tl − tk], σ2[tl − tk])

where the approximation gets better asn increases. ForS(2)
t , we have

S
(2)
tl

= S
(2)
tk

+
l∑

i=k+1

S
(2)
ti−1

[
µh + σ(Bti − Bti−1)

]
.

This means that

R(2) = log
S

(2)
tl

S
(2)
tk

= log


1 +

l∑
i=k+1

S
(2)
ti−1

S
(2)
tk

[
µh + σ(Bti − Bti−1)

]

≈
l∑

i=k+1

S
(2)
ti−1

S
(2)
tk

[
µh + σ(Bti − Bti−1)

]

≈
l∑

i=k+1

[
µh + σ(Bti − Bti−1)

]
∼ N(µ[tl − tk], σ2[tl − tk]),

so again we need an approximation to get the right normal distribution for the log-return. Finally,

for S
(3)
t we have

R(3) = log
S

(3)
tl

S
(3)
tk

=
l∑

i=k+1

[
µh + σ(Bti − Bti−1)

] ∼ N(µ[tl − tk], σ2[tl − tk]),

exactly, without any approximation. Therefore, as long as we look at the processS
(3)
t at the time

pointsti, it has exactly the right distribution, whethern is small or large.
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