Solutions to Exercises of Week 2, St.Calc.

1. Y is defined as
2 if w=HH =uw;
Y = #heads = 1 if we{HT,TH} = {w2,ws}
0 if w=TT =uwy

Hence
oY) ={2,Q,{w1}, {ws}, {wa, w3}, {wi,wa}, {wi,wa,ws}, {w2,ws, ws}}.

2. E(Y) = Xoiy Y(@i)P(wi) = 20 + 1p(1 = p) + 1(L = p)p + 0(1 — p)* = 2p.
The conditional expectatidli(Y | F;) is a random variable; its realization depends on whether or
notw € {w1,ws} (first toss is heads). Therefore:

Z?Zl Y (wi)P(w;il{wi,wa}) = 2P(w1 [{w1,wa}) + 1P(wal{wi,we}) If w € {wi,wa}
E(Y|R) -
Z?Zl Y (wi)P(w;il{ws,ws}) = 1P(wsl|{ws,wa}) + OP(wyl{ws,ws}) If w € {ws, w4}

p? p(l-p) _ -
2 5pi—p T e P It w e {w,wa}

1% =P |f we{wg,W4}

p+1 if Xj(w)=a

W if Xij(w)=—a
This impliesE[E(Y|F1)] = (p+ 1)p+p(1 —p) = 2p = E(Y).

3. Y is defined as
1 if we{wi,wi}

Y =
0 if we{wws}
Soo(Y) = {2,9Q,{w1,ws}{ws,ws}}. To check independence &f and X;, we can check
wethero(Y) is independent ob(X;) = F, i.e.,P(AN B) — P(A)P(B) = 0 forall A €
o(Y), B € 0(X1). Let's take an example:

IP)(Y =1,X; = a) — P(Y = 1)P(X1 = a) = ]P’({wl,w4} N {CUl,CUQ}) — ]P’({wl,w4})]P’({w1,w2})
= PP -+ (1 -’
which is zero only ifp = 0.5. The same follows for the other three possibiliti&sand X; are

independent only ip = 0.5.
Very analogously one can check independence betweaind X5; for example

IP)(Y =1,X5 = a) — P(Y = 1)P(X2 = a) = ]P’({wl,w4} N {wl,W3}) — P({wl,w4})P({w1,w3})

= p*— [+ (1-p)p,



which again is zero only ib = 0.5.

Even if p = 0.5, so thatY is indepdent ofX; and alsoY is independent o\, it is not true
thatY is independent of X1, X»), simply because it can be expressed as a functi¢iXef X»):

1 if (X1,X2) € {(a,a),(—a,—a)}

0 if (X1,Xs) € {(a,—a),(—a,a)}

4. B(S2S1) = S2E(exp(2X2)[S1) = S2[pu®+ (1 — p)d2]. Next,E(Ss|S1)2 = S2[pu+ (1 —p)d]2.
Hence
Var(S2|S1) = St (u — d)*p(1 — p)

5. X; = E(X|F;) implies
E(X;|Fi—1) = E[E(X|F)|Fiz1] = E(X|Fi—1) = Xio1.

HenceX; is a martingale.



