
Midterm exam Stochastic Calculus, 1999-2000

This is an open-book exam: students are allowed to consult their books and notes.

1. Consider the following binomial tree for a stock priceSt:

t = 0 t = 1 t = 2 = T

?

↗
125

↗ ↘
100 100

↘ ↗
80

↘
64

(a) Determine the missing entry (?), assuming that the volatility or variance of the returns is

constant over the tree.

(b) Determine the risk-neutral probability, when the one-period interest rate is7%.

(c) Consider a click-fund type product that pays off, at timeT , the maximum of the current and

previous values of the stock price, i.e.,

FT = max(S0, S1, ST ).

Set this up as anon-recombining tree forF ; why should it be non-recombining?

(d) Determinefu andfd, the possible values of the derivative at timet = 1, and alsof0.

(e) Suppose that this derivative product is sold at timet = 0 at the priceF ∗
0 = 100. Show that

this creates an arbitrage upportunity, as follows: describe a trading strategy that will never

cost anything and will give either a positive or zero payoff.

2. Let Pt, t ≤ T , denote the price of a zero-coupon bond maturing at timet = T , with principal

PT = 1. Thus,Pt is the price at timet of a product which pays off1 at timeT with certainty. A

model that is sometimes used forPt is the SDE (stochastic differential equation):

dPt = rtPtdt + σ(T − t)PtdBt,

wherert is the short-term interest rate, so that the drift and volatility areµt = rtPt andσt =

σ(T − t)Pt [Note: σ(T − t) is the product of the constantσ and the time-to-maturity(T − t)].

(a) Use It̂o’s lemma to find the SDE forlog Pt.

(b) Find the strong solution oflog Pt, in the sense that you expresslog Pt in terms ofP0 and

(rs, Bs, 0 ≤ s ≤ t).

1



(c) Use the boundary conditionPT = 1 to find a strong solution forPt in terms of(rs, Bs,

t ≤ s ≤ T ).

(d) The yield-to-maturity is defined as

Rt =
− log Pt

T − t
.

Find the SDE forRt. Explain the sign (plus or minus) of the volatility, as well as its magni-

tude as a function of(T − t).

(e) Explain how you would generate an Euler approximation forPt, given values for

(rti , Bti , i = 0, 1, . . . , n).

(f) Find the SDE for the discounted bond priceZt = Pt/βt, whereβt = exp
(

∫ t
0 rsds

)

, and

show that it is a martingale.
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