
Stochastic Calculus

Week 4

Topics:

• Ordinary (Newtonian) Calculus

• The Riemann-Stieltjes Integral

• The Itô Integral – an Example

• Construction of the It̂o Integral

• Itô processes and Itô’s lemma

Ordinary (Newtonian) Calculus

Let F (t) be a differentiable function, such that its derivative

dF (t)

dt
= lim

h→0

F (t + h) − F (t)

h

exists. Then the following three statements are equivalent:

1.
dF (t)

dt
= f(t) (definition of derivative)

2. dF (t) = f(t)dt (differential equation)

3. F (t) = F (0) +
∫ t

0 f(s)ds (integral equation)

This gives an easy way to interpret integrals like∫ t

0
g(s)dF (s) =

∫ t

0
g(s)f(s)ds.

In stochastic calculus, we want to consider similar expres-

sions withF (t) replaced by a Brownian motion processBt.

However, since Brownian sample paths are not differen-

tiable, the above intuition will not work: there is no process

B′
t = dBt/dt, and hence we cannot express

∫ t

0 g(s)dBs as∫ t

0 g(s)B′
sds.
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The Riemann-Stieltjes Integral

Let f andg both be functions oft ∈ [0, T ], and consider

a partition0 = t0 < t1 < . . . < tn = T , and a corre-

sponding set of intermediate time points valuest∗i (called

yi by Mikosch) such thatti−1 ≤ t∗i ≤ ti. We assume that

max |ti − ti−1| → 0 asn → ∞. Then theRiemann-Stieltjes

integralof f with respect tog is∫ T

0
f(t)dg(t) = lim

n→∞

n∑
i=1

f(t∗i )[g(ti) − g(ti−1)],

if the limit exists. Wheng(t) = t, we call this aRiemann

integral.

A useful result isintegration by parts, obtained as follows.

Let t∗1 = t0 = 0 andt∗n+1 = tn = T . Write the sum as

n∑
i=1

f(t∗i )g(ti) −
n∑

i=1

f(t∗i )g(ti−1)

= f(t∗n+1)g(tn) − f(t∗1)g(t0)

−
n∑

i=1

g(ti)[f(t∗i+1) − f(t∗i )],

which converges tof(T )g(T ) − f(0)g(0) − ∫ T

0 g(t)df(t).

The Riemann-Stieltjes integral exists if eitherf or g (or

both) are differentiable / of bounded variation.

Example: Let f(t) = ect andg(t) = Bt. Thenf is differ-

entiable, butg is not. In that case we can simply define the

integral
∫ T

0 ectdBt, via integration by parts as∫ T

0
ectdBt =

∫ T

0
f(t)dBt

= f(T )BT − f(0)B0 −
∫ T

0
Btdf(t)

= ecTBT −
∫ T

0
Btdect

= ecTBT −
∫ T

0
cBte

ctdt.

The final integral is an ordinary Riemann integral of a func-

tion of a Brownian motion, which is defined “pathwise”.

Note: Riemann integrals of functions of Brownian motions

are stochastic, but they do not fall in the class ofstochastic

integrals; the latter name is reserved for so-called Itô inte-

grals of the form
∫ T

0 f(Bt, t)dBt.
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The It ô Integral – an Example

Suppose we wish to define
∫ t

0 BsdBs, and we try to do this

via the Riemann-Stieltjes construction. For simplicity take

ti = it/n. Let us taket∗i = ti−1 = (i − 1)t/n as the inter-

mediate points for the moment. Then we will have to find

the limit of
n∑

i=1

Bt∗i [Bti − Bti−1
] =

n∑
i=1

Bti−1
[Bti − Bti−1

].

Define∆iB = Bti − Bti−1
, and note that

B2
t =

(
n∑

i=1

∆iB

)2

=
n∑

i=1

(∆iB)2 + 2
n∑

i=2

i−1∑
j=1

(∆iB)(∆jB)

=
n∑

i=1

(∆iB)2 + 2
n∑

i=2

Bti−1
∆iB,

so that we are now interested in finding the limit of

n∑
i=1

Bti−1
∆iB =

1

2

(
B2

t −
n∑

i=1

(∆iB)2

)
.

The random variables∆iB are i.i.d. N(0, t/n), so that

Zi :=
√

n/t∆iB ∼ i.i.d. N(0, 1). One can show that the

following convergence
n∑

i=1

(∆iB)2 =
t

n

n∑
i=1

Z2
i → tE(Z2

i ) = t

holdsin mean square, meaning that

E



(

n∑
i=1

(∆iB)2 − t

)2

→ 0.

(See Mikosch, p.98, for a proof).

This means that we may define the
∫ t

0 BsdBs as the follow-

ing limit in mean square:∫ t

0
BsdBs = lim

n→∞

n∑
i=1

Bti−1
[Bti − Bti−1

]

=
1

2

(
B2

t − t
)
.
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Note that if we would have takent∗i = ti instead ofti−1, then

a different result would obtain:
n∑

i=1

Bti[Bti − Bti−1
] =

n∑
i=1

Bti−1
[Bti − Bti−1

] +
n∑

i=1

(∆iB)2

→ 1

2

(
B2

t − t
)

+ t

=
1

2

(
B2

t + t
)
.

This shows that the integral
∫ t

0 BsdBs does not exist in

Riemann-Stieltjes sense: it matters how we chooset∗i ∈
[ti−1, ti]. The limit is of a “stochastic” type, and does not

exist “pathwise”.

Note: An important difference between12(B
2
t − t) and

1
2(B

2
t + t) is that the former is a martingale, whereas the

latter is not. This martingale property comes from taking

t∗i = ti−1, i.e., at the beginning of the interval[ti−1, ti] over

which we calculate the increments∆iB. This implies

E(Bt∗i [Bti − Bti−1
]|Fti−1

)

= Bt∗i E([Bti − Bti−1
]|Fti−1

) = 0.

Construction of the It ô Integral

We start by defining asimple processCt on [0, T ]. Consider

a partition0 = t0 < . . . < tn = T as usual, and let{Zi}
be a sequence of random variables such thatZi is a function

of (Bs, s ≤ ti−1), i.e., adapted toFti−1
= σ(Bs, s ≤ ti−1).

Also assumeE(Z2
i ) < ∞. Then define

Ct =
n∑

i=1

I[ti−1,ti)(t)Zi + I{tn}(t)Zn,

or in other words

Ct =

{
Zi if ti−1 ≤ t < ti,

Zn if t = T.

Then wedefine∫ T

0
CsdBs :=

n∑
i=1

Cti−1
(Bti − Bti−1

)

=
n∑

i=1

Zi∆iB = Z · ∆B.

Note that this is a random variable. We can extend this defi-

nition to a stochastic process by letting the endpointt of the

integral vary from0 to T :
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Xt :=

∫ t

0
CsdBs

=
k−1∑
i=1

Zi∆iB + Zk(Bt − Btk−1
), tk−1 < t ≤ tk.

Two important properties of this process:

1. {Xt,Ft} is a martingale. Suppose thattl−1 ≤ s < tl and

tk−1 ≤ t < tk. Then

Xt − Xs = Zl(Btl − Bs)

+
k−1∑

i=l+1

Zi∆iB

+Zk(Bt − Btk−1
). (1)

Each of the right-hand side terms has conditional ex-

pectation zero givenFs. This may be shown using the

“tower property”. For example,

E(Zk(Bt − Btk−1
)|Fs) = E[E(Zk(Bt − Btk−1

)|Ftk−1
)|Fs]

= E[ZkE((Bt − Btk−1
)|Ftk−1

)|Fs]

= 0.

The other terms follow analogously.

ThusE(Xt − Xs|Fs) = 0, or E(Xt|Fs) = Xs.

2. E[(Xt − Xs)
2|Fs] = E

[∫ t

s C2
udu|Fs

]
. The proof of this

property follows from taking the conditional expectation

of the square of (1), and noting that all cross-products

have zero conditional expectation; forl ≤ i < j ≤ k:

E(Zi∆iBZj∆jB|Fs) = E[Zi∆iBZjE(∆jB|Ftj−1
)|Fs]

= 0.

For the squares, we find

E(Z2
i ∆iB

2|Fs) = E[Z2
i E(∆iB

2|Fti−1
)|Fs]

= E[Z2
i (ti − ti−1)|Fs],

so that (takings = tl−1 andt = tk−1 for simplicity)

E[(Xt − Xs)
2|Fs] = E

[
k−1∑
i=l

Z2
i (ti − ti−1)|Fs

]

= E

[∫ t

s

C2
udu|Fs

]
.

Settings = 0, this yieldsvar(Xt) = E(
∫ t

0 C2
sds). This

property is referred to as theItô isometry.
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3. If Ct is non-stochastic, thenXt ∼ N
(
0,
∫ t

0 C2
sds
)

. This

follows sinceXt is essentially a weighted sum of Brown-

ian increments, which are independent and normally dis-

tributed.

4. The quadratic variationof a martingaleXt, denoted

〈X〉t, is the probability limit, for ever finer partitions,

of
k−1∑
i=1

(Xti − Xti−1
)2 + (Xt − Xtk−1

)2,

where againtk−1 ≤ t < tk. We sometimes denote it as

〈X〉t =
∫ t

0 (dXs)
2, or d 〈X〉t = (dXt)

2. For Brownian

motion, 〈B〉t = t; for an integralXt =
∫ t

0 CsdBs of a

simple process, it is〈X〉t =
∫ t

0 C2
sds.

So far we have only dealt with integrals of simple processes.

Suppose now thatCt is a more general process on[0, T ],

adapted toFt = σ(Bs, s ≤ t) and satisfyingE(
∫ T

0 C2
t dt) <

∞. The construction of a general Itô integral is as follows:

1. Ct may be seen as a limit, in mean square, of a sequence

of adapted simple processesCn
t , n = 1, 2, . . .. That is:

E

[∫ T

0
(Cn

t − Ct)
2dt

]
→ 0.

This result will not be proved here. In practice we will

take the approximating simple processes as

Cn
t =

n∑
i=1

I[ti−1,ti)(t)Cti−1
+ I{tn}(t)Ctn

2. The “distance” (in the mean square sense) of two

stochastic integralsXn
t =

∫ t

0 Cn
s dBs and Xm

t =∫ t

0 Cm
s dBs is

E

[(∫ T

0
Cn

s dBs −
∫ T

0
Cm

s dBs

)2]

= E

[(∫ T

0
[Cn

s − Cm
s ]dBs

)2]

= E

[(∫ T

0
(Cn

s − Cm
s )2ds

)2]
,
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and this distance will go to zero asm, n → ∞, because

bothCn
t andCm

t converge toCt.

3. Because the distance betweenXn
t andXm

t converges to

zero, there must be some limit pointXt where bothXn
t

andXm
t converge to. We’ll call this limit pointXt =∫ t

0 CsdBs. Thus, it is defined by the limit in mean square

of ∫ T

0
Cn

s dBs =
n∑

i=1

Cti−1
(Bti − Bti−1

).

This definition also gives the integral at timet instead of

T , by replacingCs by CsI[0,t](s).

4. This general It̂o integral inherits the most important

properties of the integral of a simple process:Xt is

a martingale, with quadratic variation process〈X〉t =∫ t

0 (dXs)
2 =

∫ t

0 C2
sds. Thus its variance is also

var(Xt) = E(
∫ t

0 C2
sds), and ifCt is non-stochastic, then

Xt =

∫ t

0
CsdBs ∼ N

(
0,

∫ t

0
C2

sds

)
.

It ô Processes and It̂o’s Lemma

We now have given meaning to the integral equationXt =∫ t

0 σsdBs, whereσs satisfies the same properties asCs be-

fore. Now letµt be another adapted process (a function of

Bs, s ≤ t), and define

Xt = X0 +

∫ t

0
µsds +

∫ t

0
σsdBs.

Then Xt is called an It̂o process. We callµt the drift of

the process, andσt thevolatility. Note that the first integral

is an ordinary Riemann integral, whereas the second is a

stochastic integral.

The integral equation may be re-expressed in differential

form:

dXt = µtdt + σtdBt.

This is just another way of writing the integral equation; the

meaning of a differential term likeσtdBt stems from the

corresponding stochastic integral.
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Interpretation ofµt andσt: consider the increment ofXt

over[t, t + h]:

Xt+h − Xt =

∫ t+h

t

µsds +

∫ t+h

t

σsdBs.

Since the stochastic integral is a martingale, we have that

E (Xt+h − Xt|Ft) = E

(∫ t+h

t

µsds

∣∣∣∣Ft

)
,

var (Xt+h − Xt|Ft) = var

(∫ t+h

t

σsdBs

∣∣∣∣Ft

)

= E

(∫ t+h

t

σ2
sds

∣∣∣∣Ft

)
.

Note thatXt is a martingale with quadratic variation
∫ t

0 σ2
sds

if and only if µt = 0 for all t.

Whenµs andσs are constant over the interval[t, t+h], then

the conditional mean and variance reduce toµth andσ2
th,

respectively. In general

µt =
dE (Xs|Ft)

ds

∣∣∣∣
s=t

, σ2
t =

dvar (Xs|Ft)

ds

∣∣∣∣
s=t

,

the “instantaneous mean and variance” ofdXt, givenFt.

Suppose thatXt is an It̂o process with driftµt and volatility

σt, and letYt = f(t, Xt) be a function ofXt andt, with

f1(t, x) =
∂f(t, x)

∂t
, f2(t, x) =

∂f(t, x)

∂x
,

fij(t, x) =
∂2f(x1, x2)

∂xi∂xj

∣∣∣∣
(x1,x2)=(t,x)

i, j = 1, 2.

With ordinary differentials, we would havedf(t, Xt) =

f1(t, Xt)dt + f2(t, Xt)dXt. The basis of this is that a func-

tion may be approximated locally linearly, with higher or-

der terms of lower order than the first-order terms. With

stochastic differentials, this is no longer valid, in particular

because the second-order term(dXt)
2 = σ2

tdt is of the same

order as the first partµtdt of the first-order termdXt.

We use a second-order Taylor series expansion. Let

∆f(t, Xt) = f(t + ∆t, Xt+∆t) − f(t, Xt) and

∆Xt = Xt+∆t − Xt. Then

∆f(t, Xt) = f1(t, Xt)∆t + f2(t, Xt)∆Xt

+
1

2

[
f11 (∆t)2 + 2f12∆t∆Xt + f22 (∆Xt)

2
]
,

where the second-order derivatives are evaluated at

(t∗, Xt∗), with t∗ ∈ [t, t + ∆t].
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Summing these increments, letting∆t → 0 and using

(dXt)
2 = σ2

tdt, (dt)2 = 0 anddtdXt = 0, we obtain

f(t, Xt) = f(0, X0) +

∫ t

0
f1(s, Xs)ds +

∫ t

0
f2(s, Xs)dXs

+
1

2

∫ t

0
f22(s, Xs)σ

2
sds.

This is known asItô’s lemma, in integral form. In differen-

tial form it reads

df(t, Xt) = f1(t, Xt)dt + f2(t, Xt)dXt +
1

2
f22(t, Xt)σ

2
tdt.

All this implies thatf(t, Xt) is also an It̂o process, with

drift [f1(t, Xt) + f2(t, Xt)µt + 1
2f22(t, Xt)σ

2
t ], and volatil-

ity f2(t, Xt)σt.

Example Let f(t, Xt) = f(Xt) = log(Xt). Thenf1 = 0,

f2(Xt) = 1/Xt, andf22(Xt) = −1/X2
t . Therefore,

d log Xt =
1

Xt
dXt − σ2

t

2X2
t

dt.

This is in contrast to the usual (Newtonian) differential

d log x =
1

x
dx.

Exercises

1. Using integration by parts, show that for any differen-

tiable functiong with g(0) = 0,
∫ t

0 g(s)dg(s) = 1
2g(t)2;

next, use It̂o’s lemma to prove
∫ t

0 BsdBs = 1
2(B

2
t − t),

by definingf(t, Bt) = B2
t . Hence integration by parts in

general does not hold for stochastic processes.

2. Use It̂o’s lemma to prove the following: ifdXt = αdt +

σdBt andSt = f(t, Xt) = exp(Xt), then

dSt = µStdt + σStdBt,

with µ = α + 1
2σ

2.

3. Also use It̂o’s lemma to prove the previous exercise “in

reverse”: ifdSt = µStdt + σStdBt, andXt = ln(St),

thendXt = αdt + σdBt, with α = µ − 1
2σ

2.

4. Let Yt = µ + e−γt[Y0 − µ] + σ
∫ t

0 e−γ(t−s)dBs. Derive

the drift and diffusion ofXt = eγtYt. Next, use It̂o’s

lemma to show thatYt = f(t, Xt) = e−γtXt satisfies the

stochastic differential equation

dYt = −γ(Yt − µ)dt + σdBt,

which defines it to be an Ornstein-Uhlenbeck process.
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5. Suppose that we observe the processYt from the previ-

ous exercise at timest = 0, h, 2h, . . . , nh = T . Defining

yi = Yih, show that

yi = µ + ρ(yi−1 − µ) + εi, i = 1, . . . , n,

whereρ = e−γh andεi is an i.i.d.N(0, σ2
ε) sequence,

with σ2
ε = σ2(1 − ρ2)/2γ.

This result implies that ifγ > 0, then yi is a mean-

reverting, Gaussian first-order autoregressive sequence,

which is stationary ify0 = Y0 is chosen from the sta-

tionary N(µ, σ2
ε/(1 − ρ2)) = N(µ, σ2/2γ) distribu-

tion. Under the same starting value assumption, the

continuous-time Ornstein-Uhlenbeck processYt is sta-

tionary as well.
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