Stochastic Calculus

Week 4

Topics:

e Ordinary (Newtonian) Calculus
e The Riemann-Stieltjes Integral
e The IO Integral — an Example
e Construction of the & Integral

e |t0 processes anddt lemma

Ordinary (Newtonian) Calculus

Let F'(¢) be a differentiable function, such that its derivative
dF(t) ’ F(t+h)— F(t)

it heo h
exists. Then the following three statements are equivalent:

ar()
dt
2. dF(t) = f(t)dt (differential equation)

1. = f(t) (definition of derivative)

3. F(t) )+ fo s)ds (integral equation)

This gives an easy way to interpret integrals like

[ ot = [ ot

In stochastic calculus, we want to consider similar expres-
sions withF'(¢) replaced by a Brownian motion proceSs
However, since Brownian sample paths are not differen-
tiable, the above intuition will not work: there is no process
B = dB;/dt, and hence we cannot expre§5g(s)st as
fo s)B.ds.



The Riemann-Stieltjes Integral

Let f and g both be functions of € [0,7], and consider
a partition0 = to5 < t; < ... < t, = T, and a corre-
sponding set of intermediate time points valuggcalled
y; by Mikosch) such that;_; < ¢tf < t;. We assume that
max |t; — t;—1| — 0 asn — oo. Then theRiemann-Stieltjes
integral of f with respect tg; is

| #tose) = sim 3 lote) = otti-0)

if the limit exists. Whery(t) = ¢, we call this aRiemann
integral.

A useful result igntegration by partsobtained as follows.
Lett; =ty = 0andt, , =t, =T. Write the sum as

> SE)g(t) =3 F(E)g(tin)
= )9t — F()g(t)
=D _9)F () — )]

which converges tg(T)g(T) — f(0)g(0) — fOTg(t)df(t).

The Riemann-Stieltjes integral exists if eithéror ¢ (or
both) are differentiable / of bounded variation.

Example: Let f(t) = e“ andg(t) = B;. Thenf is differ-
entiable, buly is not. In that case we can simply define the
integral fOT e“'d By, via integration by parts as

/0 ' edB, = /O ' f(t)dB,

T
— F(T)Br - f(0)By — / Bdf(t)
- 0
= "By — /O Byde

T
= ¢TBy — / cB;etdt.
0

The final integral is an ordinary Riemann integral of a func-
tion of a Brownian motion, which is defined “pathwise”.

Note Riemann integrals of functions of Brownian motions
are stochastic, but they do not fall in the classimichastic
integrals the latter name is reserved for so-calledl itite-
grals of the formeT f (B, t)dB;.



The Ito Integral — an Example

Suppose we wish to definﬁf B.dBs, and we try to do this
via the Riemann-Stieltjes construction. For simplicity take
t; = it/n. Let us take? = t;,_; = (i — 1)t/n as the inter-
mediate points for the moment. Then we will have to find
the limit of

> BulB,—Bi_]=)Y B ,[B,— B
1=1 i=1
DefineA,;B = B,, — B;._,, and note that
n 2
B? = (Z AZ-B>
= ZAB +QZZAB )(A;B)

22]1
n

= > (AB)?*+2 Z By, ,AiB,

=1 =2

so that we are now interested in finding the limit of

ZBE AB = <B2 i(AiBF).

=1

The random variableg\;B arei.i.d. N(0,t/n), so that
= /n/tA;B ~ ii.d. N(0,1). One can show that the
following convergence

n

> (AB) Z 7} - tR(Z?) =

=1 =1

holdsin mean squaremeaning that
n 2
E (Z(AZB)Q - t) — 0.
i=1

(See Mikosch, p.98, for a proof).

This means that we may define tﬁfeBsst as the follow-
ing limit in mean square:

t n
/ B,dB, = lim Z By, \[Bi, — By,_\]
0 n—oo

1=1
1



Note that if we would have takei = ¢; instead of;_,, then
a different result would obtain:

Z Bti[Bti - Bti—l] Z Btz 1 Bt 1] + Z Ai B
1=1 1=1 1=1
1
— (B —1)+
1

This shows that the integrajg B.dB, does not exist in
Riemann-Stieltjes sense: it matters how we chagse
[ti_1,t;]. The limit is of a “stochastic” type, and does not
exist “pathwise”.

Note An important difference betweeh(B} — ¢) and
5(B? + t) is that the former is a martingale, whereas the
latter is not. This martingale property comes from taking
tf = t; 1, i.e., at the beginning of the intervi} ,,¢;] over
which we calculate the increments B. This implies

E(Btj [Btz - Bti—l”‘ﬂi—l)
= Bth([Btz - Btiﬂ”‘f’tiq) =0

Construction of the 1t Integral

We start by defining aimple proces§’; on [0, T']. Consider
< t, = T as usual, and let7;}

be a sequence of random variables such ih& a function
of (Bs,s < t;_1), I.e., adapted t¢F;, | = o(Bs,s < t;_1).

Also assumé(Z?) < oo. Then define

me

or in other words

Z; If tio1 <t<ty,
Ct _ . 1 =
Zn, i t=T.

a partition0 =ty < ...

t)Zi +I{t }( 3

Then wedefine

T n
/ Csst = Z Ctz;l (Btz‘ - Btifl)
0 i=1

iZiAiB =7 -AB.

1=1
Note that this is a random variable. We can extend this defi-
nition to a stochastic process by letting the endpbuoftthe
integral vary from0 to 7.



t
- [ cuas.
0
k—1

Z ZZAZB + Zk<Bt - Btk—l)?

1=1

tro1 <t <t

Two important properties of this process:

1. {X;, F:} is a martingale. Suppose that; < s < t; and
th_1 <t <t Then

Xt—XS - Zl<Btl_Bs>

k—1
+ Z Z:\; B
i=l+1
+7Zu(By — By, ). (1)

Each of the right-hand side terms has conditional ex-

pectation zero givetF;. This may be shown using the

“tower property”. For example,

E(Zy(Br — By, )| Fs) = E[E(Zy(B; — By, )| Fi, )| F]
= E[ZE((B; — By )| Fu. )| F]
= 0.

The other terms follow analogously.

ThusE(X; — X;|F,) =0, or E(X;|F;) = X

2.E[(X; — X,)?|F] =E [fst Cﬁdu\fs]. The proof of this
property follows from taking the conditional expectation
of the square of (1), and noting that all cross-products
have zero conditional expectation; foK i < j < k:
E(Z;A;BZ;A;B|F,) = E[Z;ABZE(A;B|F, )| F

= 0.

For the squares, we find

E(Z;A:B*F,) = E[Z7E(AB*F, ) F
= E[Z]}(t; — ti1)|F,

so that (takings = ¢, andt = t;_, for simplicity)

E[(X, — X)) F] = E ZZQ —tiq ;f]
= E /ngum].
Settings = 0, this yieldsvar(X;) = fo C2ds). This

property is referred to as the isometry



3. If C, is non-stochastic, thel, ~ N <O, f()t Ofds). This So far we have only dealt with integrals of simple processes.
Suppose now that; is a more general process @ 7],

. . . T )
ian increments, which are independent and normally dis- adapted td¥; = o(B;, s < t) and safisfying( f, Ci'dt) <
tributed oo. The construction of a generablintegral is as follows:

follows sinceX; is essentially a weighted sum of Brown-

4. The quadratic variationof a martingaleX;, denoted 1. C, may be seen as a limit, in mean square, of a sequence

(X),, is the probability limit, for ever finer partitions, of adapted simple processes, n — 1,2, ... Thatis:

of - T
. E O — Cy)*dt| — 0.
Z(th - Xti—1)2 + (Xt - th—1)27 [/0 ( ! t) ] -
1=1

where again;,_; <t < t;. We sometimes denote it as
(X), = [1(dX,)?, ord(X), = (dX;)*. For Brownian )
motion, (B), = t; for an integralX; = fot CsdB; of a C} = Z[[ti_l,ti)(t)@ifl + Iy (1),
simple process, it i6X), = [; C2ds. =

This result will not be proved here. In practice we will
take the approximating simple processes as

2. The “distance” (in the mean square sense) of two
stochastic integralsX;’ = fot CldBs; and X;" =
[y CmdByis

B 2

T T
E ( / CrdB, — / anst)
0 0

- 2

- E ( /O T[Cgf—cgn]st)

- 9

-5 ( /()T<o:—c?>2ds) ,




and this distance will go to zero as, n — oo, because
bothC}' andCj" converge ta’;.

. Because the distance betwe¥p and X;" converges to
zero, there must be some limit poift where bothX;
and X;" converge to. We'll call this limit pointX;, =

fot CsdBy. Thus, itis defined by the limit in mean square
of

T n
/ C;LdBS = Z Ctzel(Bti - Btifl)'
0 i=1

This definition also gives the integral at timenstead of
T, by replacingCs by C,Ijo 4(s).

. This general & integral inherits the most important
properties of the integral of a simple proces%; is
a martingale, with quadratic variation process), =
[y (dX,)* = [iC%ds. Thus its variance is also
var(X;) = E([, C%ds), and if C; is non-stochastic, then

t t
X, :/ CydBs ~ N (o/ Cfds> :
0 0

It 0 Processes and fi's Lemma

We now have given meaning to the integral equatign=

fot osdB,, whereo, satisfies the same properties@sbe-
fore. Now letyu, be another adapted process (a function of
Bs, s <t), and define

t t
X = Xo+ / peds + / o.dBs;.
0 0

Then X, is called an Id process. We call, the drift of

the process, ang; thevolatility. Note that the first integral

iIs an ordinary Riemann integral, whereas the second is a
stochastic integral.

The integral equation may be re-expressed in differential
form:
dXt = ,ufdt + O'tdBt.

This is just another way of writing the integral equation; the
meaning of a differential term like;dB; stems from the
corresponding stochastic integral.



Interpretation ofu, and o;: consider the increment oX,
over|t,t + hl:

t+h t+h
Xt—|—h — Xt = / MSdS -+ / O'SdBS.
t t

Since the stochastic integral is a martingale, we have that

"),

t+h
var (X, — X4|Fy) = var </ o.dB; ft)
t

t+h
= E(/ olds ft>.
t

Note thatX, is a martingale with quadratic variaticfé o2ds

t+h
E (Xt—l—h - thft) =K (/ ,ust
t

if and only if , = 0 for all ¢.

Wheny, ando; are constant over the intervialt + hJ, then
the conditional mean and variance reduce:tb ando?h,
respectively. In general

_ dE(X,|F) o  dvar (X,|F)
He = ds ’ ot = ds ’

s=t s=t

the “instantaneous mean and variance?&f;, given F;.

Suppose thak; is an 16 process with driff;, and volatility
o, and letY; = f(t, X;) be a function ofX; and¢, with

) = ULy)
fl(t7 x) — 8t ) f?(ta :U) - ax )
0% f (1, x9) ]
fislt,x) = ——— W
J 020 | (4 2)=(t.0)

With ordinary differentials, we would havef(t, X;) =
fi(t, Xp)dt + fo(t, X3)dX;. The basis of this is that a func-
tion may be approximated locally linearly, with higher or-
der terms of lower order than the first-order terms. With
stochastic differentials, this is no longer valid, in particular
because the second-order teiX;)* = o2dt is of the same
order as the first payt,dt of the first-order termi X;.

We use a second-order Taylor series expansion. Let
Af(t, Xy) = f(t+ At, Xpne) — f(t, Xy) and
AX; = Xiinr — Xi. Then
Af<t7 Xt) - fl(ta Xt)At + f?(ty Xt)AXt
1
+5 |/ (AL)? + 2f1aAtAX, + foo (AX)|

where the second-order derivatives are evaluated at
(t*, X ), with t* € [t, t + At].



Summing these increments, lettin§t — 0 and using
(dX,)* = o2dt, (dt)* = 0 anddtdX; = 0, we obtain

t t
f(t,Xt) = f(O,X())—l—/ fl(S,Xs)dS—l—/ fg(S,XS)dX
0 0
+l/tf (s, X,)o%ds
9 0 22\9y s )U g .

This is known adtd’s lemmain integral form. In differen-
tial form it reads

df (t, Xy) = fi(t, Xy)dt + fot, Xy)d X, + %fzz(t, Xy)oydt.

All this implies that f(¢, X;) is also an & process, with
drift [f1(t, X0) + fo(t, Xe)py + 5/22(t, Xi)o?], and volatil-
Ity f2(t7 Xt)at-

Example Let f(t, X;) = f(X;) = log(X}:). Thenf; = 0,
f2(Xy) = 1/X;, and fop(X;) = —1/X?. Therefore,

2

1
dlog X; = —dX, — —t

L dt.
X, 2X?2

This is in contrast to the usual (Newtonian) differential

1
dlogx = —dx.
x

Exercises

1. Using integration by parts show that for any differen-

tiable functiong with ¢(0) = 0, fO = 2g(t)%
next, use kb’s lemma to provefo BSdBS = §(Bt2 —t),
by definingf(t, B;) = B2. Hence integration by parts in
general does not hold for stochastic processes.

. Use I6’s lemma to prove the following: #X; = adt +

O'dBt andSt = f(t, Xt) = eXp(Xt), then
dSt ,uStdt + O'StdBt,

with o = o + 302

. Also use 1b’'s lemma to prove the previous exercise “in

reverse”: ifdS; = uSdt + 0S;dB;, and X; = In(.S;),

thendX; = adt + 0dB;, with o = 1 — %02.

cLetY; = p+ e Yy — pu] + af(f e =9)dB,. Derive

the drift and diffusion ofX; = €'Y,. Next, use Ib's
lemma to show that; = f(t, X;) = e "' X, satisfies the
stochastic differential equation

dY; = —y(V; — p)dt + odBi,

which defines it to be an Ornstein-Uhlenbeck process.



5. Suppose that we observe the procgssom the previ-
ous exercise attimes= 0, h, 2h,...,nh = T. Defining
y; = Yi, show that

yZ:M+p(y7—1_M)+577 @':1’.“’7’%

wherep = ¢ 7" andg; is an i.i.d. N(0, 0?) sequence,
with o2 = o2(1 — p?)/27.

This result implies that iy > 0, theny; is a mean-
reverting, Gaussian first-order autoregressive sequence
which is stationary ify, = Yj is chosen from the sta-
tionary N(u,0%/(1 — p?)) = N(u,0%/27) distribu-
tion. Under the same starting value assumption, the
continuous-time Ornstein-Uhlenbeck procegss sta-
tionary as well.
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