
Stochastic Calculus

Week 3

Topics:

• Towards Black-Scholes

• Stochastic Processes

• Brownian Motion

• Conditional Expectations

• Continuous-time Martingales

Towards Black Scholes

Suppose again thatSt+δt equalsStu with probabililty p and

Std with probability(1 − p), where

u = exp(σ
√
δt), d = exp(−σ

√
δt),

p =
1

2

(
1 +

√
δt
µ

σ

)
,

whereµ is some constant representing thedrift in St. As

before we haveδt = T/n, and we look at the behaviour of

the stock price asn→ ∞, and henceδt→ 0.

LetYi = log(Siδt/S(i−1)δt) be theith δt-period continuously

compounded return. Then

EP (Yi) = σ
√
δt(p− [1 − p]) = µδt,

varP (Yi) = σ2δt(p+ [1 − p]) − µ2δt2 ≈ σ2δt,

where the approximation gets better asδt→ 0.

Now

logST = logS0 +
n∑

i=1

Yi

= logS0 + µT + σ
√
T

1√
n

n∑
i=1

(
Yi − µδt

σ
√
δt

)
.
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Each of the terms in parentheses has mean zero and variance

(approximately) 1; furthermore they are independent. This

implies aCentral Limit Theorem:

1√
n

n∑
i=1

(
Yi − µδt

σ
√
δt

)
d−→ Z,

whereZ ∼ N(0, 1), the standard normal distribution:

P (Z ≤ x) =

∫ x

−∞
1√
2π
e−

1
2z2

dz =

∫ x

−∞
φ(z)dz,

with φ(·) the standard normaldensityfunction. The sym-

bol “
d−→” means that the distribution of the left-hand side

converges to the distribution of the right-hand side.

All this implies, asn→ ∞,

logST
d−→ logS0 + µT + σ

√
TZ ∼ N(logS0 + µT, σ2T ),

that is, stock-prices have a log-normal distribution.

So far distributions were underP. It can be shown that

q =
erδt − e−σ

√
δt

eσ
√

δt − e−σ
√

δt
≈ 1

2

(
1 +

√
δt
r − 1

2σ
2

σ

)
.

Following the same derivations withµ replaced byr− 1
2σ

2,

it follows that underQ,

logST
d−→ N(logS0 + (r − 1

2σ
2)T, σ2T ).

Remarks

• The distribution underQ implies the Black-Scholes for-

mula for a European call option via

C0 = EQ

(
e−rT [ST −K]+

)
.

• Using similar methods, we can show that underP,

logSt − logSs ∼ N(µ(t− s), σ2(t− s)),

for all 0 < s < t < T . This defineslogSt to be a

Brownian motion process, andSt itself is a geometric

Brownian motion process.

• WhenZ has a standard normal distribution, it can be

derived that

E
(
eµ+σZ

)
= eµ+ 1

2σ2

.

This implies that underQ,

EQ(e−rTST ) = S0.
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Stochastic Processes

• Random variable:X : Ω → R, and henceX(ω), ω ∈ Ω;

• Random vector:X : Ω → Rk, and hence

X(ω) = [X1(ω), . . . , Xk(ω)], ω ∈ Ω;

• Stochastic process:X : Ω × T → R, and hence

Xt(ω), t ∈ T, ω ∈ Ω.

For fixedt: Xt(ω) is random variable. For fixedω, Xt(ω)

is a sample path, or trajectory. See Figure 1.2.1, p.24 of

Mikosch.

Discrete time:T = {0, 1, 2, . . .};

Continuous time:T = [0, T ] or T = [0,∞).

Fidis: finite-dimensional distributions of vectors

(Xt1, . . . , Xtn), t1 . . . , tn ∈ T.

Process is partly characterized by first two moments:

µX(t) = E(Xt), σ2
X(t) = var(Xt) and cX(t, s) =

cov(Xt, Xs).

Some further classes:

• Gaussian processes have Gaussian (normal) fidis; they

are completely characterized byµX(t) andcX(t, s);

• Stationary: (Xt1, . . . , Xtn) has same distribution as

(Xt1+h, . . . , Xtn+h)

• Stationary increments:(Xt2 − Xt1, . . . , Xtn − Xtn−1
)

has same distribution as(Xt2+h − Xt1+h, . . . , Xtn+h −
Xtn−1+h);

• Independent increments:(Xt2 −Xt1), . . . , (Xtn −Xtn−1
)

are independent.
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Brownian Motion/Wiener Process

Stochastic processBt, t ∈ [0,∞), with

1. B0 = 0;

2. Stationary & independent increments;

3. Bt ∼ N(0, t) for all t;

4. Continuous sample paths.

Alternatively: Gaussian process withµB(t) = 0 and

cB(t, s) = min(t, s): e.g., whens < t,

cB(t, s) = E(BtBs) = E([Bs + (Bt −Bs)]Bs)

= E(B2
s) + E[(Bt −Bs)(Bs −B0)]

= s+ 0,

because of independent increments.

Further properties of sample paths:

• Continuity: by assumption, but intuitively:Bt+h −Bt ∼
N(0, h) → 0 ash→ 0;

• Nowhere differentiability: intuitively:

Bt −Bt−h

h
∼ N

(
0,

1

h

)
,

Bt+h −Bt

h
∼ N

(
0,

1

h

)
,

independently;

• Unbounded variation: for0 = t0 < . . . < tn = T :

sup
n∑

i=1

∣∣Bti −Bti−1

∣∣ = ∞.

All this implies that integrals like
∫ T

0 f(t)dB(t) can-

not be defined as
∫ T

0 f(t)dB(t)
dt dt. (Unlike Riemann-

Stieltjes integrals such as
∫∞
−∞ xdF (x) =

∫∞
−∞ xdF (x)

dx dx =∫∞
−∞ xf(x)dx).)

Extensions:

• Brownian motion with drift:Xt = X0 + µt + σBt, so

µX(t) = X0 + µt andcX(t, s) = σ2 min(t, s).

• Geometric Brownian motionXt = X0 exp(µt + σBt).

In this caseµX(t) = X0 exp(µt+ 1
2σ

2).
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Representation ofBt as limit of sequence

Let Yi be i.i.d. with mean zero and unit variance, and let

S̃n(t) =
1√
n

[nt]∑
i=1

Yi,

where[nt] is the largest integer smaller than or equal tont.

This process does not have continuous sample paths (step

function). However, its fidis converge asn→ ∞ to the fidis

of Bt on [0, 1].

We can make it continuous by linear interpolation:

Sn(t) =
1√
n

[nt]∑
i=1

Yi +
1√
n
Y[nt]+1(nt− [nt]).

Again, the fidis ofSn converge asn→ ∞ to those ofBt on

[0, 1].

Conditional Expectations

Probability space(Ω,F ,P). Indicator function ofB ∈ F :

IB(ω) =




1 if ω ∈ B,

0 if ω /∈ B.

Note thatE(IB) = 1 · P(B) + 0 · [1 − P(B)] = P(B).

A discrete random variableXn can be defined as follows

Xn(ω) =
n∑

i=1

xiIAi
(ω),

where{Ai} is partition ofΩ: Ai∩Aj = ∅ and∪n
i=1Ai = Ω.

Conditional expectation ofXn given eventB with P(B) >

0:

E(Xn|B) =

∫
Ω
Xn(ω)dP(ω|B)

=
n∑

i=1

xi
P(Ai ∩B)

P(B)

=
1

P(B)

∫
Ω
Xn(ω)IB(ω)dP(ω)

=
1

P(B)
E(XnIB).
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Any random variable can be approximated arbitrarily well

byXn, choosing partitioning finer and finer. Hence

E(X|B) = lim
n→∞ E(Xn|B) =

1

P(B)
E(XIB).

Conditional expectation ofX given generalσ-field F : ran-

dom variable satisfying:

1. E(X|F) is a function ofF ;

2. E[E(X|F)IA] = E(XIA) for all A in F .

Definition is not very constructive (doesn’t tell us how to

find the conditional expectation). Often in practice,F =

σ(Y1, . . . , Yi) or σ(Ys, s ≤ t).

In that case the defining property is thatX − E(X|F) is

uncorrelated with any function of(Y1, . . . , Yi) or (Ys, s ≤ t).

Example:

Ω = {ω1, ω2, ω3, ω4}, F = {∅,Ω, {ω1, ω2}, {ω3, ω4}},

P(ωi) = 0.25, andX(ω1) = 2, X(ω2) = X(ω3) = 1 and

X(ω4) = 0. Then define

E(X|F)(ω) =




3
2 if ω ∈ {ω1, ω2},

1
2 if ω ∈ {ω3, ω4}.

This satisfies the defining properties of the conditional ex-

pectation (check!).

Rules for working with conditional expectations (same as

discrete):

• E(X|F) = X if X is F-measurable

• E(XY |F) = XE(Y |F) if X isF-measurable

• E(X|F0) = E(X), whereF0 = {∅,Ω}

• E(aX + bY |F) = aE(X|F) + bE(Y |F)

• E[E(X|F)] = E(X)

• E[E(X|F)|G] = E[E(X|G)|F ] = E(X|F) if F ⊂ G
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Continuous-time Martingales

Filtration Ft: collection ofσ-fields withFs ⊂ Ft if s < t.

Example:

Ft = σ(Bs, 0 ≤ s ≤ t).

This σ-field contains all the possible events involving

Bs, s ≤ t. It is also theσ-field generated by the random

variables(Bt1, . . . , Btn), for arbitraryt1 ≤ . . . ≤ tn ≤ t.

Martingale: {Xt,Ft} satisfying:

1. E(|Xt|) <∞;

2. Xt is Ft-measurable (adapted);

3. E(Xt|Fs) = Xs, s < t.

Examples:

• Xt = E(X|Ft).

• Brownian motion: whenFt = σ(Bs, 0 ≤ s ≤ t), then

E(Bt|Fs) = E(Bs + [Bt −Bs]|Fs)

= Bs + 0

because of independent increments. Note thatE(|Bt|) <
∞ becauseBt ∼ N(0, t);

• Geometric Brownian motionXt = X0 exp(µt+ σBt):

E(Xt|Fs) = E(Xs exp(µ[t− s] + σ[Bt −Bs])|Fs)

= Xs exp(µ[t− s])E(exp(σ[Bt −Bs]))

= Xs exp(µ[t− s]) exp(1
2σ

2(t− s)).

Hence this is a martingale only ifµ = −1
2σ

2.

• Xt = B2
t − t:

Xt = B2
s + (Bt −Bs)

2 + 2Bs(Bt −Bs) − t.

BecauseE((Bt − Bs)
2|Fs) = (t − s) andE(2Bs(Bt −

Bs)|Fs) = 2BsE((Bt −Bs)|Fs) = 0, we have

E(Xt|Fs) = B2
s + (t− s) − t = Xs.
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• Martingale transform in discrete time:{Bti, i =

1, . . . , n}, increments∆iB = Bti − Bti−1
, filtration

F
i

= σ(Bt1, . . . , Bti) and previsible sequence{Ci},

such thatCi is in Fi−1. Then themartingale transform

C · ∆B is

(C · ∆B)k =
k∑

i=1

Ci∆iB,

which is a discrete-time martingale with respect toFi.

Interpretation: financial gain from a trading strategy; see

exercise.

Exercises

1. Let (Z1, Z2) be a pair of independent standard normal

random variables. Define the vector

X =

(
X1

X2

)
=


 µ1 + σ1

(√
1 − ρ2Z1 + ρZ2

)
µ2 + σ2Z2


 .

Show thatX has a bivariate normal distribution with

mean vectorµ = (µ1, µ2)
′ and covariance matrix

ΣX =

(
σ2

1 ρσ1σ2

ρσ1σ2 σ2
2

)
.

2. Show that the Brownian motion process is 0.5-self-

similar, as follows. LetBt be a Brownian motion, and

define, forT > 0,

Xt = T−1/2BtT

Show thatXt satisfies the defining properties of a Brow-

nian motion.
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3. Let Yi, i = 1, . . . , n be independent random variables

with P(Yi = 1) = P(Yi = −1) = 0.5. Let Sn(t) be a

continuous process ont ∈ [0, 1], defined by

Sn

(
i

n

)
=

1√
n

i∑
j=1

Yj.

Show that asn → ∞, this process has the same finite-

dimensional distributions as a Brownian motion proces

Bt at the pointsti = i/n.

4. Consider a multiplicative tree in which the stock priceS

satifiesSi = Si−1u or Si = Si−1d, both with probability

0.5. Let u = exp(n−1/2) andd = 1/u, and define the

continuous processXn(t) on t ∈ [0, 1], such that

Xn

(
i

n

)
= Si.

Show that asn → ∞, this process has the same finite-

dimensional distributions as a geometric Brownian mo-

tion at the pointsti = i/n. What are the values ofµ and

σ2?

5. LetSt andBt be a continuous-time stock price and bond

processes, such that the discounted stock price process

B−1
t St is a martingale underQ. Let Vt = φtSt + ψtBt

be the value of a self-financing portfolio, where the

weightsφt andψt only change at discrete points in time

ti, i = 0, 1, . . . , n. More precisely, the weights are con-

stant over de intervals[ti−1, ti), and are previsible in the

sense that their value in the period[ti−1, ti) depends only

on{St, Bt, t ≤ ti−1}. Show that the self-financing prop-

erty implies, witht ∈ [tm ≤ t < tm+1),

Vt = V0 +
m∑

i=1

φti−1
(Sti − Sti−1

) +
m∑

i=1

ψti−1
(Bti −Bti−1

)

+φtm(St − Stm) + ψtm(Bt −Btm).

Show also that underQ, B−1
t Vt is a martingale with re-

spect toFt = σ(Ss, s ≤ t).
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