Stochastic Calculus

Week 3

Topics:

e Towards Black-Scholes
e Stochastic Processes

e Brownian Motion

e Conditional Expectations

e Continuous-time Martingales

Towards Black Scholes

Suppose again that . ;; equalsS;u with probabililty p and
Std with probability (1 — p), where

u = exp(oV/t), d = exp(—oV/dt),
1
p = = (1 + \/§H> ,
2 o
where . is some constant representing hdft in S;. As

before we havét = T'/n, and we look at the behaviour of
the stock price as — oo, and henceét — 0.

LetY; = log(Sist/S(i-1)s) be theith 6t-period continuously
compounded return. Then

Ep (Y) = oVot(p—[1—p]) = pot,
varp (V) = o?5t(p+ [1 —p]) — p26t* ~ o?6t,

where the approximation gets betteras— 0.

Now

log S = logSO—l—ZYi
i=1
1 < (Y, — ot
= log Sy + uT + ovVT— < )
goo T W n; 5t




Each of the terms in parentheses has mean zero and varianc
(approximately) 1; furthermore they are independent. This
implies aCentral Limit Theorem

\FZ<Y M) =2

whereZ ~ N(0, 1), the standard normal distribution:

P(Z <) / W__Zdz—/ o(z

with ¢(-) the standard normalensityfunction. The sym-
bol “
converges to the distribution of the right-hand side.

. means that the distribution of the left-hand side

All this implies, asn — oo,

log St —% log Sy + uT + oV'TZ ~ N(log Sy + uT, 0>T),
that is, stock-prices have a log-normal distribution.

So far distributions were undé: It can be shown that

rét —aV/5t 1 7“—10'2
%§<1+\/5t 2 )
g

o € — €
U= 5T5t _ o ovir

Following the same derivations wighreplaced by — %02,

it follows that underQ,

log St —>N(10g50—|—(7°—— T, oT).

e

Remarks

e The distribution unde® implies the Black-Scholes for-
mula for a European call option via

Co = EQ (G_TT[ST — K]+> .
e Using similar methods, we can show that uniter

N(p(t = 5),0°(t = 5)),

forall 0 < s < t < T. This definedog S; to be a

log S} — log S ~

Brownian motion processand S; itself is ageometric
Brownian motion process

e When Z has a standard normal distribution, it can be

derived that
E (€u+o—Z) _ e’”%"Q.
This implies that unde®,

EQ(B_TTST) =95.



Stochastic Processes

e Random variableX : QO — R, and henceX (w),w € Q;
e Random vectorX : Q — R*, and hence

X(w) = [X1(@), ..., Xp(w)],w €

e Stochastic process : (2 x T — R, and hence
Xi(w),t € T,w e Q.

For fixedt: X;(w) is random variable. For fixed, X;(w)
Is asample pathor trajectory. See Figure 1.2.1, p.24 of
Mikosch.

Discrete timeT = {0,1,2,...};
Continuous timeT = [0, 7] or T = [0, 00).

Fidis: finite-dimensional distributions of vectors
(Xt ooy Xp ) t1 .. t, €T,

Process is partly characterized by first two moments:

px(t) = E(Xy), o%(t) = var(X;) and cx(t,s) =
cov( Xy, Xs).

Some further classes:

e Gaussian processes have Gaussian (normal) fidis; they
are completely characterized py (¢) andcx (¢, s);

e Stationary: (X;,,...,X; ) has same distribution as
(Xtyhs -y Xtyan)

e Stationary increments(X,, — X;,,.... Xy, — Xy, ,)
has same distribution asXy,.;, — X¢,4n, -« Xt 45 —
thfl‘i‘h)’

e Independentincrement&X,;, — X;,),..., (X;, — X))
are independent.



Brownian Motion/Wiener Process

Stochastic procesB;, t € [0, co0), with

1. By = 0;

2. Stationary & independent increments;
3. By ~ N(0,t) for all t;

4. Continuous sample paths.

Alternatively: Gaussian process with;(¢) = 0 and
cp(t,s) = min(t, s): e.g., whers < ¢,
cp(t,s) = E(ByBs) =E([Bs + (B; — By)|Bs)
- E(Bg) + E[(Bt - Bs)(Bs - BO)]
= s+0,

because of independent increments.

Further properties of sample paths:

e Continuity: by assumption, but intuitively3; ., — B; ~
N(0,h) — 0ash — 0;

e Nowhere differentiability: intuitively:

Bi — By, 1 Biin — By 1
— ~N1{0,=- —— ~ N0, -
h (’h)’ h <’h>’

independently;

e Unbounded variation: fab =ty < ... < t, =1T:

n
supz }Bti — Bti—l’ = 00.
i=1

All this implies that integrals IikefOTf(t)dB(t) can-
not be defined astTf(t)dg—t(“dt. (Unlike Riemann-
Stieltjes integrals such a6 zdF(z) = [* %W gy =
Jo zf(x)dz).)

Extensions:

e Brownian motion with drift: X; = X, + ut + 0By, SO
px(t) = Xo + pt andex (¢, s) = o? min(t, s).

e Geometric Brownian motiotX; = X, exp(ut + o By).
In this caseuy () = Xo exp(ut + 302).



Representation ofB; as limit of sequence

LetY; be i.i.d. with mean zero and unit variance, and let

[nt]
~ 1
where[nt] is the largest integer smaller than or equahto
This process does not have continuous sample paths (stej

function). However, its fidis converge as— oo to the fidis
of B; on |0, 1].

We can make it continuous by linear interpolation:

[nt] 1

Sn fzy+f nt}—&—l(n

Again, the fidis ofS,, converge as — oo to those ofB; on
[0, 1].

t — [nt]).

A4

Conditional Expectations

Probability spacé(2, 7, P). Indicator function ofB € F:

1 if we B,
Ip(w) =
0 if wé¢ B.

Note thatE(/z) =1-P(B) +0-[1 — P(B)] = P(B).
A discrete random variabl&,, can be defined as follows
- Z x7]AL (w)
=1
where{4;} is partition of2: A;,NA; = @ andU;’ | A; = Q.

Conditional expectation ak,, given eventB with P(B) >
0:

E(X,|B) = / X, (w)dP(w|B)

. P(4;NB)
- Z”“” <ﬂ>
_ /X ) I () dP ()

= IP’(B)E(X n1B).



Any random variable can be approximated arbitrarily well
by X,,, choosing partitioning finer and finer. Hence

: 1
E(X|B) = lim E(X,|B) = WE(XIB)'
Conditional expectation ok’ given generab-field F: ran-
dom variable satisfying:

1. E(X|F) is a function ofF;

2. E[E(X|F)I4] =E(X1Iy) forall Ain F.

Definition is not very constructive (doesn’t tell us how to
find the conditional expectation). Often in practicg, =
o(Y1,...,Y;)ora(Ys, s <t).

In that case the defining property is th&t— E(X|F) is
uncorrelated with any function ¢t7, ..., Y;) or(Y;, s < 1t).

Example:

Q = {wi,wy,ws,wat, F = {D, 0 {wi,ws}, {ws,wi}},
P(w;) = 0.25, and X (w1) = 2, X(w2) = X(w3) = 1 and
X (wy) = 0. Then define

\GJ[OV)

if we{w,wsl,
E(X|F)(w) =
if we{ws,wsit

D=

This satisfies the defining properties of the conditional ex-
pectation (check!).

Rules for working with conditional expectations (same as
discrete):

X|F)= X if X is F-measurable

XY|F) = XE(Y|F)if X is F-measurable
X|Foy) = E(X), whereFy, = {2,Q}

aX 4+ bY|F) = aE(X|F) + bE(Y|F)

e E[E(X|F)] = E(X)

o E[E(X|F)|G] =E[E(XI|G)|F]=EX|F)if FCG



Continuous-time Martingales

Filtration F;: collection ofo-fields with 7, C F; if s < t.
Example:
Fi=0(Bs,0 < s < t).

This o-field contains all the possible events involving
Bs,s < t. Itis also thes-field generated by the random
variables(B;,, ..., B ), for arbitraryt; < ... <t, <t.

Martingale: { X;, F;} satisfying:
1. E(|Xy]) < oo;
2. X; is F;-measurablegdapted;

3. E(X;|F) = X,, s < t.

Examples:
o X; =E(X|F).
e Brownian motion: wher#; = o(B;,0 < s < t), then
E(B|Fs) = E(Bs+ [B: — Bs]|Fs)
= B;+0

because of independent increments. NotelfaB;|) <
oo becauseB; ~ N(0,1);

e Geometric Brownian motiotX; = Xy exp(ut + o0 By):
E(Xe|Fs) = E(X;exp(ult — s] 4 o[B — Bi])| Fs)
= Xsexp(p[t — s])E(exp(a|B; — B.]))
= X, exp(plt — s]) exp(*(t — 5)).
Hence this is a martingale only if = —302.
o X, =Bt
Xy = B?+ (By — By)* +2B4(B; — B,) — t.

BecauseE((B; — By)?|Fs) = (t — s) andE(2B,(B; —
BJ)|Fs) = 2BsE((B; — Bs)|Fs) = 0, we have

E(Xi|Fs) =B+ (t—s) —t = X,.



e Martingale transform in discrete time:{B;,i
1,...,n}, incrementsA;B = B;, — By ,, filtration
F. = o(By,...,B:) and previsible sequencf’;},
such thatC; is in F;,_;. Then themartingale transform
C-ABis .
(C-AB)y =Y CiAB,

i=1
which is a discrete-time martingale with respectAp
Interpretation: financial gain from a trading strategy; see

exercise.

Exercises

1. Let (7, Z5) be a pair of independent standard normal

random variables. Define the vector

X—<X1>— py + o1 (\/1—,0221+,022)

X2 Mo + O'QZQ

Show thatX has a bivariate normal distribution with
mean vectog = (1, i15)" @and covariance matrix

2
01 pPO109
dix = ) :
PO1029 09

. Show that the Brownian motion process is 0.5-self-

similar, as follows. LetB; be a Brownian motion, and
define, forT > 0,

X, =T 2B,r

Show thatX; satisfies the defining properties of a Brow-
nian motion.



3. LetY;,s = 1,...,n be independent random variables

with P(Y; = 1) = P(Y; = —1) = 0.5. LetS,(¢) be a
continuous process are [0, 1], defined by

i 1 <
s.(2)-L=ym
n \/ﬁ; g
Show that a1 — oo, this process has the same finite-

dimensional distributions as a Brownian motion proces
B, at the pointg; = i/n.

. Consider a multiplicative tree in which the stock price
satifiesS; = S;_ju or S; = S;_1d, both with probability
0.5. Letu = exp(n~/?) andd = 1/u, and define the
continuous procesy,, (¢) ont € [0, 1], such that

X, <3> = 5.
n

Show that a1 — oo, this process has the same finite-
dimensional distributions as a geometric Brownian mo-

tion at the pointg; = i/n. What are the values of and
29
o~ ¢

5. LetS; and B, be a continuous-time stock price and bond
processes, such that the discounted stock price process

B; 'S, is a martingale unde®. LetV;, = ¢,S; + ¢, B,

be the value of a self-financing portfolio, where the
weights¢, andq, only change at discrete points in time
t;;i = 0,1,...,n. More precisely, the weights are con-
stant over de intervalg; +,¢;), and are previsible in the
sense that their value in the perigd 1, ¢;) depends only
on{S;, By, t < t;_1}. Show that the self-financing prop-
erty implies, witht € [t,,, <t < t;,41),

‘/t — % + Z ¢ti_1(Sti - Stifl) + Z wti_l(Bti - Btifl)
1=1 i=1

¢y, (St — St,.) + Uy, (Br — B,,).

Show also that unde®, B, 'V; is a martingale with re-
specttaF; = o(Ss, s < t).



