Stochastic Calculus

Week 2
Topics:
e Probability spaces

e Discrete random variables

e Conditional expectations

Probability spaces

A random experimenis an experiment witha priori un-
kown outcome, and which can be repeated under identical
conditions.

Example: Toss a coin twice and report the two ordered out-
comes

A sample spacés the set of possible outcomes of the ex-
periment, denoted by). Individual elements (the out-
comes) are denoted hy. A sample space idinite if

QO =A{w;,i =1,...,n} for some integen, andcountablef

Q ={w;,i=1,2,...}; otherwise it is uncountable.

Example. The sample space of the previous example is
Q = {wy,ws,w3,wy} = {HH,HT, TH, TT}, where, e.g.,
HT means “first toss head$1), second toss tail€l)” .



A o-field or o-algebrg often denoted by, is a collection
of subsets of2 (event}, such that if the set§A;, As, ...}

are in F, then also their complemen{sA, A3, ...}, their
intersection4; N A; N ..., and their uniond; U A, U . ..

are inF. A c-algebra always contains the null set(the
“impossible event”), and (the “sure event”).

Example: One possibler-field in the example is

F - {@,{Wl},{(x)g},{(ﬂ({},{wzl},
{wl,wQ},{wl,wg},{wl,w4},{w2,w3},{w2,w4},{w3,w4},
{wl,WQ,W3},{wl,WQ,LU4},{W1,W3,W4},{WQ,Wg,W4},Q}

This contains all possible events. For example, the set

{w1, w4} signifies the event “both tosses have the same out-
come”. The smaller collection

fl = {@, {wl,wg}, {wg,w4}, Q}

Is also ac-field. Here the only interesting event are “first
toss is heads” or “first toss is tails”.

A probability measuré is a function which gives a number
between0 en1 to all eventsA in F, with the additional
propertiesP(2) = 0, P(Q2) = 1, P(A°) = 1 —-P(A), and for
disjoint sets{ 4; },

1=1

Example: The most natural probability measure in our ex-
ample satisfie®(HH) = p*, P(HT) = P(TH) = p(1 — p),
P(TT) = (1 — p)? for some numbed < p < 1. If the coin

is fair, thenp = 0.5.

The triple (2, 7, P) is aprobability space It fully charac-
terizes the random experiment.



Discrete random variables

A random variableX a real-valued function oft. Thus, we
assign to each outcome a real number. The function should
be such that events of the forfw : X(w) € B} are inF,

for all setsB which are intervals oR or can be constructed
from unions and intersections of intervals; this defines the
Borel o-field B consisting oBorel setsB.

When events are if we say that they anmeasurablei.e.,
they can be given a probability measure. The functlon
satisfying the propertyw : X(w) € B} € Fforall B € B
is calledBorel-measurable Thus all eventd X € B} can
be given a probability measure.

The functionX transforms the original probability space
(Q, F,P) into a new probability spacéR, B, Px), where
Py is thedistributionof X, defined byPx (B) = P(X(w) €
B). Thedistribution functionFx is defined byFx(z) =
Px((—o0,z]) = P(X(w) < x).

Example: Two possible random variables on the previous
space are, for some number> 0,

a, ifwe {HH HT},
Xi(w) = .
—a, ifwe {TH,TT},
and

Xo(w) =
2(w) —a, ifwe {HT, TT}.

Note thatX; depends on the outcome of the first toss, and

{ a, if we {HH, TH},

X5 on the second toss. From this example one can construct
a multiplicative binomial tree withw = 1/d = exp(a), by

)
)

choosing a fixed, and definingS;(w) = Spexp(X;(w
and Sy (w) = St (w) exp(Xa(w)) = Spexp(Xi(w)+Xa(w)
The distribution function of botlX; and X5 is

0, ifz < —a,
Fx(z) =< p, if —a<z<a,

1, ifz > a.

A random vectors simply a vector-valued function @3.
Borel-measurability can be defined analogously. In the
above exampleX(w) = (Xi(w), Xo(w)) is a random vec-
tor.



Expectations

Consider a discrete random variable defined on a count-
able probability spac@ = {wi,wo,...}. Letx; = X (w;).
Then themeanor expected values simply given by

E(X) = ) X(@)P(w)

= Z xsz(xz)
1=1

The two sums may alternatively be denoted as
Jo X (w)dP(w), or [, zdPx(x). For more general (contin-
uous) random variables, the definition of these integrals is
more complicated. For the present case, they may simply
be seen as an alternative way to denote the sums.

Sometimes we need to make the explicit the relevant proba-
bility measure, leading to the notatidip, Eq, etc.

We may also take expectations of functionskaf Of partic-
ular importance is thearianceof X

Var(X) = E{(X - E[X])*} = E(X?) — {E(X)}".

Example: In the example, we have

E(X1) =E(X2) = ap+(—a)(1 —p)=a(2p—1)
Var(X;) = Var(X,) = a’*p+a*(1 —p) —a*(2p — 1)*
= a’[1 - (2p—1)7.

Furthermore, remembering = 1/d = exp(a),
E(exp(X1)) = E(exp(X2)) = up + d(1 — p).

If we define another probability measugeby the property

Qw1) = ¢*, Qw2) = Q(ws) = q(1—q), Qws) = (1-¢)?,
withg = (1 — d)/(u — d), then

Eq(exp(X1)) = Eqg(exp(X2)) = ug +d(1 —¢) = 1.



Independence

Two eventsA and B are independentf P(A N B) =
P(A)P(B).

Two o-fields F; andF,, which are both contained if, are

independent if everyl; € F, andA, € F; are independent.

Two random variableX’; and X, are independent (X, €
BiN X, € By) =P(X; € B))P(X, € By) for all Borel
setsB;, Bs.

X, is called F;-measurable, ifw : X;(w) € B} € F,i =
1,2. That is, all events relevant fak; are in ;. The
above implies thaf; and X, are independent iX; is F;-
measurable an#; and.F; are independent.

Example: The eventsd; = {HH,HT} (“first toss is
heads”) andA, = {HH, TH} (“second toss is heads”) are
independent unddf. Theo-fields

fl = {@7 {HH7 HT}7 {TH7TT}7Q}
and
fZ = {®7 {HHvTH}v {HTvTT}vQ}

are independent, because they represent the outcomes of the
two tosses. The random variabl&s and X, are indepen-
dent, becausg; is F;-measurable.



Conditioning

For two eventsA and B with P(B) > 0, the conditional
probability of A given B is defined by
P(AN B)
P(B)
This may be interpreted as the probability of the evént

P(A|B) =

based on the information th&t occurred. IfA and B are
independent, the®?(A|B) = P(A); in that case the event
B is irrelevant for the probability oft.

For a discrete random variable, the conditional expecta-
tion of X givenB is given by

E(X|B) - / X (w)dP(w| B)

The conditional expectation givervafield 7, E(X|F) is a
random variable, defined by

forall A; in 7. WhenF; is theo-field generated by (i.e.,
the smallest-field with respect to whiclX; is measurable),

denoted byF;, = o(X;), then we obtain the conditional
expectation o” given X;:

E(Y]X1) = E(Y]F).

Here are some rules for manipulating conditional expecta-
tions:

E(X|F) = X if X is F-measurable

(
E(XY|F) = XE(Y|F) if X is F-measurable
E(X|Fy) = E(X), whereF, = {&,Q}

E(aX + bY|F) = aE(X|F) + bE(Y |F)
E[E(X|F)] = E(X) (law of iterated expectatign

E[E(X|F)|G] = E[E(X|G)|F] = E(X|F)if F C G
(tower property.

Often thes-fields upon which one conditions are interpreted
asinformation sets



Example: In the binomial tree example, witly; =
Soexp(Xy), we haveF;, = o(X;) = o(S1). The condi-
tional expectation ofS; = S; exp(X5) givens; is

]E(Sz‘fl) == SlE[eXp(XQ)‘fl]
= Sl]E[eXp(X2>],
becauseX, is independent ofX; and henceS;. Similarly,

E(S1|Fy) = SoFE[exp(X1)]. Hence, if we use the measure
Q defined earlier, we have

Eq(Si|Fi-1) = Si-1.

This final property defines the sequengg, 7;} to be a
martingale The probability measur® under which this
Is the case is thequivalent martingale measure

Exercises

. DefineY to be the number of heads in the example. De-

rive theo-field generated by'.

. Find the expectation of random variabldrom the pre-

vious exercise, and also the conditional expectatiori of
given F;. Check that in this cas&[E(Y|F;)] = E(Y).

. Inthe example, let” = 1 if the two tosses have the same

result, and zero otherwise. Show that i 1,V and.X;
are independent, and also thaand X, are independent.
Is Y also independent dfX;, X5)?

. In the binomial tree example, derive an expression for

the conditional variancé/ar(S;|S;) = [E(S3[S1) —
{E(S2]S1)}*.

. For any random variabl& and increasing sequence of

o-fields{F;}, show thatX; = E(X|F;) is a martingale.



Multi-step binomial tree

Ingredients:

e Time horizonT', n steps, hence time stepis= 17'/n;

e Sample spacél, with elementw = (w!,w?, ..., w"),
wherew’ isH or T;

e Whenk is # heads inv, P(w) = p*(1 — p)" %, since
there are(}) combinations possible with heads P(k
head$ = (})p*(1 — p)"F;

o X;(w)= oot if w' = H, and—oV/6t if wi = T;

o Si(w) = Si_1(w)eXi@); S, is fixed, and furthermore
Fi= O'(Sl,...,SZ') = O'(Xl,...,XZ’);

o B, = Bi_lerdt = Boe"ét (with By = 1);

er(% —d

u—d

,andQ(k head$ = (})q¢*(1—¢)" ", where

u=1/d = exp(cV/t).

Define the discounted stock price = B, 'S; = ¢S,
so that

Zi _ e_”‘stSZ-_leXi

_ e—(i—l)r 6tSi71€—r 5t€X,-
— i .
Then

Eo(Zi|lFis1) = ZiaEg(e™ | Fisq)

Therefore, unde@, the discounted stock price is a martin-
gale. We therefore cal) theequivalent martingale measure
(Q equivalent td? meansQ(A) = 0 < P(A) = 0).

Because
S; — S;_ .
EQ( c f“) = Eg (™ —1[Fi)
1—1
— €T5t_1
_ Bi—Bi
B By

we also callQ therisk-neutral measure



Construction of a claim Early exercise

1. Claim (payoff)X at timeT’; defineEr = B;'X; American-type call option:

2. DefineE; = Eq (B;'X|F;); thenE; is aQ-martingale
with respect taF; = o(S, ..., S;).

e attimeT: Vy = X = [ST — K]Jr

e attimeT — 1 (takedt = 1):
3. Binomial representation theorem:
VT_1 = Imax {[ST—l — K]+, B_TE@ ([ST — K]ﬂfT_l)} .

E; =Ey+ 61 (2 — Zi—1),
; ¢ e attimeT — 2:

or AE; = ¢;AZ;, with ¢, € F;_1 (previsiblg. Vi = max {[ST_2 — K|, e "Eqg (VT_1|5’:T_2)}
E,(up) — E;(down)

4. Definegbi(Si_l) = Zl(up) — Zz(down) = max {[Sng — K]*‘) e—rEQ ([STfl — K]—i_‘fT—Q) )

5. Strategy: portfolio ofp,.; stocks andy,.; = (E; — e "Eq ([Sr — K] |Fr_s) } .
¢;.1B;1S;) bonds. Ati = 0, Vj = ¢Sy + ¥, By. At
any, the value becomes

e at time:: choice betweel” — ¢ + 1 European call op-

tions, expiring at time,: + 1,...,7. The value of the
08 +¥;Bi = ¢S+ E;i_1B; — ¢;B;\S;i_1B;i American option is the maximum of the values of these
= BB+ ¢;(B; 'S, — B LSi )] European options.
= BilEi1+ ¢;(Zi — Zi1)] e In the absence of dividend payments on the stock, it
= B,E; can be shown that for aall option, it never pays to
= ¢;1Si + 0 Bi = Vi exercise early (so value American option = value Eu-

ropean option). For in-the-mongyut options however

This isself-financing V;—V;_1 = ¢,(S;—S;_1)+v¢,(B;—
(X =[K — Sr]*, K > Sp), the values will differ.

B;_1), and replicatingyV, = BrEr = X.




