
Stochastic Calculus

Week 2

Topics:

• Probability spaces

• Discrete random variables

• Conditional expectations

Probability spaces

A random experimentis an experiment witha priori un-

kown outcome, and which can be repeated under identical

conditions.

Example: Toss a coin twice and report the two ordered out-

comes.

A sample spaceis the set of possible outcomes of the ex-

periment, denoted byΩ. Individual elements (the out-

comes) are denoted byω. A sample space isfinite if

Ω = {ωi, i = 1, . . . , n} for some integern, andcountableif

Ω = {ωi, i = 1, 2, . . .}; otherwise it is uncountable.

Example: The sample space of the previous example is

Ω = {ω1, ω2, ω3, ω4} = {HH,HT,TH,TT}, where, e.g.,

HT means “first toss heads(H), second toss tails(T)” .
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A σ-field or σ-algebra, often denoted byF , is a collection

of subsets ofΩ (events), such that if the sets{A1, A2, . . .}
are inF , then also their complements{Ac

1, A
c
2, . . .}, their

intersectionA1 ∩ A2 ∩ . . ., and their unionA1 ∪ A2 ∪ . . .

are inF . A σ-algebra always contains the null set∅ (the

“impossible event”), andΩ (the “sure event”).

Example: One possibleσ-field in the example is

F = {∅, {ω1}, {ω2}, {ω3}, {ω4},
{ω1, ω2}, {ω1, ω3}, {ω1, ω4}, {ω2, ω3}, {ω2, ω4}, {ω3, ω4},
{ω1, ω2, ω3}, {ω1, ω2, ω4}, {ω1, ω3, ω4}, {ω2, ω3, ω4},Ω}

This contains all possible events. For example, the set

{ω1, ω4} signifies the event “both tosses have the same out-

come”. The smaller collection

F1 = {∅, {ω1, ω2}, {ω3, ω4},Ω}

is also aσ-field. Here the only interesting event are “first

toss is heads” or “first toss is tails”.

A probability measureP is a function which gives a number

between0 en 1 to all eventsA in F , with the additional

propertiesP(∅) = 0, P(Ω) = 1, P(Ac) = 1−P(A), and for

disjoint sets{Ai},

P

( ∞⋃
i=1

Ai

)
=

∞∑
i=1

P(Ai).

Example: The most natural probability measure in our ex-

ample satisfiesP(HH) = p2, P(HT) = P(TH) = p(1 − p),

P(TT) = (1 − p)2 for some number0 < p < 1. If the coin

is fair, thenp = 0.5.

The triple(Ω,F ,P) is aprobability space. It fully charac-

terizes the random experiment.
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Discrete random variables

A random variableX a real-valued function onΩ. Thus, we

assign to each outcome a real number. The function should

be such that events of the form{ω : X(ω) ∈ B} are inF ,

for all setsB which are intervals ofR or can be constructed

from unions and intersections of intervals; this defines the

Borelσ-fieldB consisting ofBorelsetsB.

When events are inF we say that they aremeasurable, i.e.,

they can be given a probability measure. The functionX

satisfying the property{ω : X(ω) ∈ B} ∈ F for all B ∈ B
is calledBorel-measurable. Thus all events{X ∈ B} can

be given a probability measure.

The functionX transforms the original probability space

(Ω,F ,P) into a new probability space(R,B, PX), where

PX is thedistributionofX, defined byPX(B) = P(X(ω) ∈
B). The distribution functionFX is defined byFX(x) =

PX((−∞, x]) = P(X(ω) ≤ x).

Example: Two possible random variables on the previous

space are, for some numbera > 0,

X1(ω) =

{
a, if ω ∈ {HH,HT},
−a, if ω ∈ {TH,TT},

and

X2(ω) =

{
a, if ω ∈ {HH,TH},
−a, if ω ∈ {HT,TT}.

Note thatX1 depends on the outcome of the first toss, and

X2 on the second toss. From this example one can construct

a multiplicative binomial tree withu = 1/d = exp(a), by

choosing a fixedS0 and definingS1(ω) = S0 exp(X1(ω))

andS2(ω) = S1(ω) exp(X2(ω)) = S0 exp(X1(ω)+X2(ω)).

The distribution function of bothX1 andX2 is

FX(x) =




0, if x < −a,
p, if − a ≤ x < a,

1, if x ≥ a.

A random vectoris simply a vector-valued function ofΩ.

Borel-measurability can be defined analogously. In the

above example,X(ω) = (X1(ω), X2(ω)) is a random vec-

tor.
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Expectations

Consider a discrete random variableX, defined on a count-

able probability spaceΩ = {ω1, ω2, . . .}. Let xi = X(ωi).

Then themeanor expected valueis simply given by

E(X) =
∞∑
i=1

X(ωi)P(ωi)

=
∞∑
i=1

xiPX(xi).

The two sums may alternatively be denoted as∫
ΩX(ω)dP(ω), or

∫
R
xdPX(x). For more general (contin-

uous) random variables, the definition of these integrals is

more complicated. For the present case, they may simply

be seen as an alternative way to denote the sums.

Sometimes we need to make the explicit the relevant proba-

bility measure, leading to the notationEP, EQ, etc.

We may also take expectations of functions ofX. Of partic-

ular importance is thevarianceof X:

Var(X) = E{(X − E[X])2} = E(X2) − {E(X)}2.

Example: In the example, we have

E(X1) = E(X2) = ap+ (−a)(1 − p) = a(2p− 1)

Var(X1) = Var(X2) = a2p+ a2(1 − p) − a2(2p− 1)2

= a2[1 − (2p− 1)2].

Furthermore, rememberingu = 1/d = exp(a),

E(exp(X1)) = E(exp(X2)) = up+ d(1 − p).

If we define another probability measureQ by the property

Q(ω1) = q2, Q(ω2) = Q(ω3) = q(1−q), Q(ω4) = (1−q)2,

with q = (1 − d)/(u− d), then

EQ(exp(X1)) = EQ(exp(X2)) = uq + d(1 − q) = 1.
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Independence

Two eventsA and B are independentif P(A ∩ B) =

P(A)P(B).

Two σ-fieldsF1 andF2, which are both contained inF , are

independent if everyA1 ∈ F1 andA2 ∈ F2 are independent.

Two random variablesX1 andX2 are independent ifP(X1 ∈
B1 ∩ X2 ∈ B2) = P(X1 ∈ B1)P(X2 ∈ B2) for all Borel

setsB1, B2.

Xi is calledFi-measurable, if{ω : Xi(ω) ∈ B} ∈ Fi, i =

1, 2. That is, all events relevant forXi are in Fi. The

above implies thatX1 andX2 are independent ifXi is Fi-

measurable andF1 andF2 are independent.

Example: The eventsA1 = {HH,HT} (“first toss is

heads”) andA2 = {HH,TH} (“second toss is heads”) are

independent underP. Theσ-fields

F1 = {∅, {HH,HT}, {TH,TT},Ω}

and

F2 = {∅, {HH,TH}, {HT,TT},Ω}
are independent, because they represent the outcomes of the

two tosses. The random variablesX1 andX2 are indepen-

dent, becauseXi is Fi-measurable.
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Conditioning

For two eventsA andB with P(B) > 0, the conditional

probabilityof A givenB is defined by

P(A|B) =
P(A ∩B)

P(B)
.

This may be interpreted as the probability of the eventA,

based on the information thatB occurred. IfA andB are

independent, thenP (A|B) = P (A); in that case the event

B is irrelevant for the probability ofA.

For a discrete random variableX, theconditional expecta-

tion of X givenB is given by

E(X|B) =

∫
Ω
X(ω)dP(ω|B)

=
∞∑
i=1

X(ωi)P(ωi|B).

The conditional expectation given aσ-field F , E(X|F) is a

random variable, defined by

E(X|F) = E(X|Ai) if ω ∈ Ai,

for allAi in F . WhenF1 is theσ-field generated byX1 (i.e.,

the smallestσ-field with respect to whichX1 is measurable),

denoted byF1 = σ(X1), then we obtain the conditional

expectation ofY givenX1:

E(Y |X1) = E(Y |F1).

Here are some rules for manipulating conditional expecta-

tions:

• E(X|F) = X if X is F-measurable

• E(XY |F) = XE(Y |F) if X isF-measurable

• E(X|F0) = E(X), whereF0 = {∅,Ω}

• E(aX + bY |F) = aE(X|F) + bE(Y |F)

• E[E(X|F)] = E(X) (law of iterated expectation)

• E[E(X|F)|G] = E[E(X|G)|F ] = E(X|F) if F ⊂ G
(tower property).

Often theσ-fields upon which one conditions are interpreted

asinformation sets.
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Example: In the binomial tree example, withS1 =

S0 exp(X1), we haveF1 = σ(X1) = σ(S1). The condi-

tional expectation ofS2 = S1 exp(X2) givenS1 is

E(S2|F1) = S1E[exp(X2)|F1]

= S1E[ exp(X2)],

becauseX2 is independent ofX1 and henceS1. Similarly,

E(S1|F0) = S0E[exp(X1)]. Hence, if we use the measure

Q defined earlier, we have

EQ(Si|Fi−1) = Si−1.

This final property defines the sequence{Si,Fi} to be a

martingale. The probability measureQ under which this

is the case is theequivalent martingale measure.

Exercises

1. DefineY to be the number of heads in the example. De-

rive theσ-field generated byY .

2. Find the expectation of random variableY from the pre-

vious exercise, and also the conditional expectation ofY

givenF1. Check that in this case,E[E(Y |F1)] = E(Y ).

3. In the example, letY = 1 if the two tosses have the same

result, and zero otherwise. Show that ifp = 1
2, Y andX1

are independent, and also thatY andX2 are independent.

Is Y also independent of(X1, X2)?

4. In the binomial tree example, derive an expression for

the conditional varianceVar(S2|S1) = E(S2
2 |S1) −

{E(S2|S1)}2.

5. For any random variableX and increasing sequence of

σ-fields{Fi}, show thatXi = E(X|Fi) is a martingale.
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Multi-step binomial tree

Ingredients:

• Time horizonT , n steps, hence time step isδt = T/n;

• Sample spaceΩ, with elementω = (ω1, ω2, . . . , ωn),

whereωj is H or T;

• Whenk is # heads inω, P(ω) = pk(1 − p)n−k; since

there are
(
n
k

)
combinations possible withk heads,P(k

heads) =
(
n
k

)
pk(1 − p)n−k;

• Xi(ω) = σ
√
δt if ωi = H, and−σ√δt if ωi = T;

• Si(ω) = Si−1(ω)eXi(ω); S0 is fixed, and furthermore

Fi = σ(S1, . . . , Si) = σ(X1, . . . , Xi);

• Bi = Bi−1e
r δt = B0e

ir δt (with B0 = 1);

• q =
er δt − d

u− d
, andQ(k heads) =

(
n
k

)
qk(1−q)n−k, where

u = 1/d = exp(σ
√
δt).

Define the discounted stock priceZi = B−1
i Si = e−ir δtSi,

so that

Zi = e−ir δtSi−1e
Xi

= e−(i−1)r δtSi−1e
−r δteXi

= Zi−1e
Xi−r δt.

Then

EQ(Zi|Fi−1) = Zi−1EQ(eXi−r δt|Fi−1)

= Zi−1

[
ue−r δte

r δt − d

u− d
+ de−r δtu− er δt

u− d

]
= Zi−1.

Therefore, underQ, the discounted stock price is a martin-

gale. We therefore callQ theequivalent martingale measure

(Q equivalent toP meansQ(A) = 0 ⇔ P(A) = 0).

Because

EQ

(
Si − Si−1

Si−1

∣∣∣∣Fi−1

)
= EQ

(
eXi − 1

∣∣Fi−1
)

= er δt − 1

=
Bi −Bi−1

Bi−1
,

we also callQ therisk-neutral measure.
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Construction of a claim

1. Claim (payoff)X at timeT ; defineET = B−1
T X;

2. DefineEi = EQ

(
B−1

T X|Fi

)
; thenEi is aQ-martingale

with respect toFi = σ(S1, . . . , Si).

3. Binomial representation theorem:

Ei = E0 +
i∑

k=1

φk(Zk − Zk−1),

or ∆Ei = φi∆Zi, with φi ∈ Fi−1 (previsible).

4. Defineφi(Si−1) =
Ei(up) − Ei(down)

Zi(up) − Zi(down)
.

5. Strategy: portfolio ofφi+1 stocks andψi+1 = (Ei −
φi+1B

−1
i Si) bonds. Ati = 0, V0 = φ1S0 + ψ1B0. At

anyi, the value becomes

φiSi + ψiBi = φiSi + Ei−1Bi − φiB
−1
i−1Si−1Bi

= Bi[Ei−1 + φi(B
−1
i Si −B−1

i−1Si−1)]

= Bi[Ei−1 + φi(Zi − Zi−1)]

= BiEi

= φi+1Si + ψi+1Bi =: Vi.

This isself-financing: Vi−Vi−1 = φi(Si−Si−1)+ψi(Bi−
Bi−1), and replicating:VT = BTET = X.

Early exercise

American-type call option:

• at timeT : VT = X = [ST −K]+

• at timeT − 1 (takeδt = 1):

VT−1 = max
{
[ST−1 −K]+, e−rEQ

(
[ST −K]+|FT−1

)}
.

• at timeT − 2:

VT−2 = max
{
[ST−2 −K]+, e−rEQ (VT−1|FT−2)

}
= max

{
[ST−2 −K]+, e−rEQ

(
[ST−1 −K]+|FT−2

)
,

e−2rEQ

(
[ST −K]+|FT−2

)}
.

• at timei: choice betweenT − i + 1 European call op-

tions, expiring at timei, i + 1, . . . , T . The value of the

American option is the maximum of the values of these

European options.

• In the absence of dividend payments on the stock, it

can be shown that for acall option, it never pays to

exercise early (so value American option = value Eu-

ropean option). For in-the-moneyput options however

(X = [K − ST ]+,K > S0), the values will differ.
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