Stochastic Calculus, Week 10
Term-Structure Models & Interest Rate Derivatives
Topics:
1. Definitions and notation for the interest rate market

2. Term-structure models

3. Interest rate derivatives

Definitions and Notation

e Zero-coupon bondor discount bond: asset which pays,
with certainty, 1 at tim&". Price at time is P(¢,T)).
Pull-to-par:lim; . P(¢t,T7) = P(T,T) = 1.

With fixed rater: P(t,T) = exp(—r[T — t]).

e Yield-to-maturity average continuously compounded
return on zero-coupon bond, over remaining lifetime:

log P(T,T) —log P(t,T)
R(t,T) = T

_ log P(¢,T)
B T—t
With fixed rate,R(t, 1) = r.

e Yield curveterm structure: plot oRR(¢, T") against(1” —
t). With fixed rate, yield curve is flat line.

¢ Instantaneous ratshort rate

9log P(t,T)
oT

re =lUm R(t,T) =
Tt T=t



e Forward contract: agreement at time 7", to buy anS- e The definitions ofR(¢, T") and f(¢,T") in terms of P (¢, t)
bond at timel’ < S at price K. Replicated by portfolio may be inverted to obtain

of +1 S-bond and—- K T-bonds. Value at timé should
P(t.T) = exp(—(T —t)R(t,T))

be zero, sak = P(t,S)/P(t,T). Return (yield) over T
period[T’, S] is therefore - &P (‘/f f(t>3)d5> '
log P(S,5) —log K log P(t,5) —log P(t,T) In general P(t, T) cannotbe obtained from; alone!
S—-T S—-T '

Note that this return is known at tinté The limit, as.S
approache$’, of this return is thénstantaneous forward

rate,
. logP(t,S) —log P(t,T)
_Olog P(t,T)

oT
Note thatf(¢,t) = r;. Also,
OR(t,T)
or -
The term structure may also be describedty 7') as a
function of (7" — t).

f&,T)=R(t,T)+ (T —1t)




Term structure models

We only consider single-factor models (one Brownian mo-
tion). Ingredients:

e A cash bondB, paying the short rate(): dB;, = r;B;dt,
S0 B; = exp (fot rsds).

e An Itd process for the zero-coupon bonds:
— P(t,T) [rtdt N, T)th} ,

with 7/, a P-Brownian motion and¥; a Q-Brownian
motion. UnderQ, P(t,T)/B; is a martingale.

e The SDE forP(¢,T) implies, via I6’s lemma, SDE’s for
R(t,T), f(t,T) andr;. Heath-Jarrow-Morton start with
Itd processes fof (¢, T'):

df(t,T) = a(t, T)dt+ o(t,T)dW;
= —o(t, T)S(t,T)dt + o(t, T)dW,,
where

OX(t,T)
or

o(t,T) = — S(t,T) = — /Ta(t, s)ds,

and

alt,T) = —%—a(t,T)Z(t,T),

T
1
/,Lp(t, T) = Tt — / O[(t, S)dS + §E(t7 T)2
t
e The market price of risk does not dependian

t
Wt = Wt —|—/ ’YSdS,
0

with

_,uP(th)_rt_ 1 1 T
V= SET) §E(t’T)_E(t,T)/t alt, s)ds.

e Note that under risk-neutrality, everything depends on

the term structure of volatilities(¢, T').



Short-rate models

Usually the single factor is associated with the short rate
r;. Short-rate models are usually formulated in “risk-neutral
form”, i.e., as a SDE

dry = p(ry, t)dt + v(ry, t)th,

wherelV, is aQ-Brownian motion. (Baxter and Rennie de-
note this bylV; in Section 5.4).

Let B, = exp (fot 7"st> be the cash bond price. Under the
risk-neutral measure; (¢, T')/ B; is a martingale, so that
P(t,T) = BEq[B;'P(T,T)| 7]
= Eq [B: B;'| F]

sof- )]

Therefore, a single-factor (risk-neutral) model fprmplies
P(t,T), and hence the term structure, as a function, of

We distinguish:

e Endogenouderm structure models: here the current

term structure follows from the SDE fot, which may
be different from the actual term structure at timhe
Well-known examples are the Vasicek model:

dry = (0 — ary)dt + adW,
and the Cox-Ingersoll-Ross model
dry = (0 — ar)dt + 0\/7“_15th-
These are also callesjuilibrium models

Exogenougerm structure models: here the drift, ¢)
Is adjusted such that the current term structure is fitted
exactly. The simplest example is the Ho-Lee model:

d?“t = Qtdt + O'th,

whered, is such thatf(0,7) = ry — 0°T? + fOT 0.ds
matches the initial term structure.
These are also calletb-arbitrage models



Interest rate derivatives

We assume again the general single-factor model
dP(t,T) = r,P(t, T)dt + X(t,T)P(t, T)dW,,

wherelV; is aQ-Brownian motion. We consider:

e Forward contracts

e Coupon-bearing bonds
e Floating rate bonds

e Bond options

e Swaps

e Swaptions

e Caps, floors, collars

e Stock options with stochastic interest rates

Some of these turn out to have a price that depend only on
P(t,T), independent of model assumptions (i.e., indepen-
dent ofX(¢,T)).

Forward contracts
The forward price of a zero-coupd@i-bond, to be delivered
at1], IS SlmpIyF(t, Tl, TQ) = P(t, TQ)/P(t, Tl)

Coupon-bearing bonds

Suppose that a bond has a principal of 1 dollar, and pays

coupons at time%; = 0,7 = 1,...,n, at ratek; at timeT,,

the principal amount is repaid. This means that the payoff

Is ko attimeT;, 7 < n, andl + k¢ at timeT,,. Since the no-
arbitrage value at timg of a certain payment of at time
T; is

T;
107) (exp{—/ Tsds}a:
t

the bond value at timebetweerl; andT;,becomes

ft) — P(t,T))x.

Vi= > kOP(t,T}) + P(t,T,).
i=j+1
Since we expect thafy = 1 (the par value), we find that the
coupon rate should be
1— P(t,T,)

ST GPGTY)




Floating-rate bonds

Suppose that the coupon rate it not fixed, but equal to the
LIBOR rate at the previous payment tirfhe ;. Thed-period
LIBOR rate L(t) is defined byP(¢,t + 0)(1 + 0 L(t)) = 1,

or _1 .
103 (Fivs )

Hence the payoff at tim&; is 1/P(T;_1,T;) —
and the payoff attimé&, is1/P(T,,_1,T,).

1 fori < n,

Then the no-arbitrage valug of this bond should be 1. The
replicating strategy is:

e At time 0, buy 1/P(0,T}) zero coupon bonds maturing
at’l (costingl);

e Attime 77 = 6, sell theTi-bonds (yieldingl / P(0, T7)),
and buyl/P(T3,T3) of T,-bonds (costing). Hence the
payoffis1/P(0,77) — 1;

e At time T3, sell the current position of / P(T;_1,T;) of
T;-bonds, and buy/P(T;, T;,1) of T;.;-bonds.

This gives exactly the right payoff, and costs

Bond options
A European call option on a zero-coup®rbond, struck at
k with exercise time5, is worth

Cy = BiEq (Bg'[P(S,T) — k|| 7).

When the short rate, is a Gaussian process, then baéth
andP(t, T) will have a log-normal distribution. This can be
used to obtain a Black-Scholes-type formula

Cy=P(t,S){F(t,S,T)P(dy) — k®(ds)},
whereF'(t, S, T) is the forward price and

_ log(F(t,5,T)/k)
dyo = VS 1 :t ORVAS)

wheres? is the conditional variance (conditional on) of

log(P(S,T)/P(t, T))/vVS —1,ie.,

1 S
5'2 = m/t E(u,T)2du

For example, in the Ho-Lee modél,= o(T — 9).

Options on coupon-bearing bonds will only have a closed-
form price in single-factor models where is a diffusion
process. See Baxter & Rennie, p.170, or Hull, pp.568-570.



Swaps

A fixed-versus variable interest rate swap (on a principal of
1) has payoff, at timeq;, equal tod[L(7T;_1) — k], where

k is the fixed swap rate. This means that the swap can be
replicated by a portfolio of a short position in a fixed coupon
bond, and a long position of a floating coupon bond. Since
the swap should have intial value of zero, we have

1=1

or
| - P(L,T})

Z?:l 5P(t7 TZ) 7
which is also the coupon rate that sets the bond value equal

k:

to par.

Swaptions
A swaption is an option to enter a swap. Its value is the same
as the value of a call option on a fixed-coupon bearing bond,
struck atl.

Caps, floors, collars

For a cap, the payoff &t; is 6[L(T;_1) — k]*. The payoff
of one caplet can be replicated as follows: Buy k4) put

options on &;-bond, struck at /(14 kd) with exercise time
T 1.

At time T, ,, this yields (1 + kd0)[1/(1 + kd) —
P(T;-1, 1)t =1 =1+ kd)P(T;-1,T;)]*. Then put this
money in the bank, to yield the LIBOR rafg7;_,), so that
the payoff at timel; becomesl + 0 L(T;—1) — (1 + kd)]t =
0[L(T;_1)—k|*. Thus the value of a cap can be derived from
the value of the put option.

Similarly, the payoff of a floor i$9[k — L(T;_,)]" at time

T;, the value of which can be derived from a call option. A
swap is essentially the sum of a cap and a floor, at the same
rate k; this results in a put-call parity. A collar is also a
combination of a cap and a floor, but at different rates (cap
rate bigger than floor rate).



Stock options with stochastic interest rates

Suppose we wish to price a European call option on a stock
with price S;, and that the interest rate is stochastic. In par-
ticular, let

dSt = TtStdt—f‘O'StdWlt
dP(t,T) = rP(t,T)dt + X(t,T)P(t, T)dWoy,

and furthermore define the cash bond as usual. Here
(W1, W) is a bivariateQ-Brownian motion, with correla-
tion p. If r, is a Gaussian process, such thaand P(t,T)

are log-normal, then the price of a European call option be-
comes

Cy= P, T){F(t,T)P(d1) — k®(da)},

where F(t,T) = P(t,T)"1S; is the forward stock price,
and

log(F(t, T)/k 1
d172: Ogg (7 )/ ):I:—(S_ T_t,
ovT —t 2
where
T
6% = %t (0% + (s, T)* — 2p0%(s, T)] ds.
—UJt

This result was derived by Merton (1973).




