Solutions to Final Exam Stochastic Calculus, March 2000

1. (a) General approach, in steps:

(b)

(©)

¢ Write the derivative valu€’; as functionu(r, S;) of time to expirationr = 7' — ¢t and
the underlying prices;. If the payoff at timel" is X, thenu(0, S7) = Xr.
e Use ID’s Lemma to obtain

1
dCy = —uy (1, S)dt + ua(7, S;)dS; + 5“22(77 St)o?Sidt,

whereu; = 0u/d7, us = Ou/dS; andugs = 0%u/(0S;)?.

e Construct a replicating self-financing portfolio of stock and cash bond with @tice
e’ Vi = ¢,S; + 1, By, such that = X7 (replicating) anddV; = ¢,dS; + ¢,dB;
(self-financing). Using/B; = rB;dt andy, B; = V; — ¢,.S¢, we find

dVy = ¢,dSy + Yy Bydt = ¢,;dS; + (Vi — ¢,.5;)dt.

¢ No arbitrage implies that’; = V;, because both are self-financing and have the same
payoff. Equating the two differential equations impligs= us(7, S;), and

1
—ui(T,St) + §u22(7', St)UQSf = ru(r,Sy) — rua(7, St)S;.

e Together with the boundary conditiar{0, St) = X7, this uniquely determines the
functionu and hence the option price.
Definefy = 0f/0t, fo = 0f/0S:, fa = 0f/0S;, and fag = 0%f/ (85})2. The second
derivative with respect t&; will not be needed, sincéS; has no Brownian motion term,
and hencédsS;)? = 0. We now have

_ _ _ _ 1 _
dCt = fl (t7 St? St)dt + fQ(ta St7 St)dSt + f3(t7 Sta St)dst + §f22(t, St, St)O'QStht
1 _ 1
= [fi()+ f3(')¥(5t — St + §f22(-)025t2 dt + fo(-)dSt,

where(-) is notation for(t, S, S;). Equating this with the SDE for the replicating portfolio,
we find the PDE

RO+ S5O (S 8 + 5 F( 0?5} = rI() = o),

with boundary conditiory (T, St, St) = [Sr — K]*. Note: a replicating portfolio can be
composed of5; and B; only, and notS;, because5; has no additional risk factor; in other
words, all risk inC; can be hedged with;.

The solution to the SDE iS; = Sp exp([r — %02]t+aWt). This means that the stock return

from times to timet is

% — 1= exp <J[Wt — W] — %02(15 - s)) — 1.

Sinceg[Wt - Ws] ~ N(0, 02(t — 5)) underQ, it follows thatEq [exp (U[Wt - Ws]ﬂ =

$02(t — s), so that unde® the expected stock returnds‘=*) — 1, which is the cash bond
return. Hence the additional risk in the stock is not compensated by a higher expected return
under@Q, hence agents are risk-neutral under this measure. It is also called the equivalent
martingale measure, since undgrthe discounted stock pricé = B;lst is a martingale:

dZ; = B;'dS; + SidB; ' = By ' Sy[rdt + odW;] — rB; ' Sydt = 0 Z;dWy,

an Itd process with no drift. The measure is equivalent since the volatilis of Z; is the
same undelP andQ.



(d) The solution ofS; implies Sy = S;exp([r — 0?](s — t) + o). Hence

S 1/tSds+1/TSds tS+1S/Te ([r ! l(s — t) + oYs)ds
== s et s == et X -3 - s .
=1 T Tttt ) PN TRe ?
And since in general

Ct = e_T(T_t)EQ [XT| ft] = e_T(T_t)]EQ [[S’T — K]—i_‘ ft} 5

this implies the given formula.
(e) Conditional onF;, S; andS; are fixed, so the only randomness istvin Note thatY,, ¢t <

s < T is a Brownian motion starting at with Y; = 0. Draw M realizations)fs(i),i =

1,..., M, evaluated at disrete time points= sg < s1 < ... < s, = T, and simulat _59

as

i t _ 1 n 1 %
Sé“) - Tst + TStZeXp([T - 502](3j —1)+ UYS(J'))(Sj = si-1);
=1

where we have replaced the integral by the corresponding Riemann sum. Thixgﬁles
(SS9 — K7+, and hence

1 < (i)
A —r(T—t i
Ct—w;e (T8 x 19,

(a) By defnition, a zero-coupon bond satisfie6l’,7') = 1. The martingale property for
exp (— s rsds> P(t,T) implies

Eq [exp (- /0 ' rsds) P(T, T)’ ]—"t} ~exp (- /0 t rsds> P(,T),

which may be rewritten as

ey = oo [/ e[ (- [ ras) ]
- ol ([ ) o (- [ ) 5
s o ([t 7]

AP(LT) = fi(tre)dt+ fg(t,rt)drt—i—%fgg(t,rt)(drt)Q

(b) 1td’'s Lemma implies

~ 1
= fl (ta Tt)dt + f2(t7 Tt)(e - Oé?"t)dt + f2(t7 Tt)O'th + §f22 (t7 Tt)O-th

_ { Futry) + ot r) (0 — ary) + % Faolt, rt)az} dt + fo(t,r)od Wi,

(c) Risk-neutrality holds iZ; = exp (— f(f rsds> P(t,T) is a martingale, i.e., andtprocess
with a zero drift. Ifup(t, T)P(t,T) is the drift of P(¢,T), then it follows that

; ¢
dZ, = —riexp (—/ rsds> P(t,T)dt + exp <—/ 7“st> dP(t,T)
0 0

t
= —ryZudt + exp (—/ ’I”Sd8> P, T)[pp(t, T)dt + X(t, T)dW]
0

= [~ri+ pp(t,T)] Zudt + Zi5(8, T)dW,

2



which is a martingale only ifup(t,T) = r, hence the drift inP(¢,T) is r,P(t,T)dt.
Combining this with the answer to question (b) gives

Fults ) + Folts ) (0 = ar) 4 3 foalt )0 = o f (170,

which is indeed a partial differential equation.

() X;is an I process with a nonzero drift, so it is not a martingale.

(b)

(©)

(d)

(e)

WriteY; = (¢, X;) = (1 —t)~1 X,, which has partial derivativef (¢, X;) = (1 —t) 72X,
fa(t, X¢) = (1 —t)~t and fao (¢, X;) = 0. Hence 1&’s lemma implies

1
——dXy = ——dW,.

4y, =
! (1—1) 1—t

1
Ty Xpdt +
(L—1)?
Xo = 0impliesYy = 0, hence
t1 |
Yt:/dWS, = Xt:(l—t)/
o1 o1

— S — S

dWs.

SinceY; is a stochastic integral with non-stochastic integrating function, it follows that

o[ (1) ).

The variance can be further rewritten as

toq 1 7! 1 t
[, T
0 (1—s) 1—s], 1-t 1—t

——dW,, is independent

FurthermoreY; has independent increments, sifge- Y, = fs T
of Y; = [ -1-dW,,. Therefore,

Cov|[Y:, Ys] = Cov]Ys + (Vi — Y5), Ys] = Var[Y] + Cov]Y; — Ys, Ys] = Var[Ys] = T

for s < t. UsingX; = (1 — t)Y4, this implies
Xt ~ N [O7t(1 - t)] ’

and
Cov[Xy, Xs] = (1 —t)(1 — s) Cov[Ys, Ys] = (1 — t)s,
for s < t.
Write B, = W —t[Wy + (W1 —W)] = (1 — )W — t(W1 — Wy). SincelV, and(W; — W)

are independent, arid; ~ N(0,¢) and(W; — Wy) ~ N(0, [1 — t]), it follows that
E[B] =0, Var[By] = (1 — t)*t + t2(1 — t) = t(1 — t), By ~ N(0,t[1 —t]).
For the covariance betwed?) and By, s < t, we use
B = (1=t)Ws+ (1= t)[W; = W] —t[Wr — Wi,
Bs = (1— )W, —s[Wy— W] — s[W1 — W,

The three increments are independent, normal, with mean zero and varaticess) and
(1 —t), respectively. This implies

Cov[By, By] = E[B.B,] = (1—1t)(1—s)s— (1—1t)s(t—s)+ts(1—1t)
(1—t)s[(1—s)— (t—s)+1]
= (1-1t)s.

Thus we find the same finite-dimensional distributions.



(f) The Euler approximation in general is

X,
1t

Xy = Xti - (ti+1 - ti) + (WtiJrl - Wti)‘

i+1

If we taket;,; = 1 andt; = 1 — dt, this implies

Xqi_
X1 = X5t — gtét ot + (W1 — Wi_st)
= Wi —Wi_st
~ N(0,5t).

Since the approximation gets bettersas— 0, this must implyX; = 0.



