
Solutions to Final Exam Stochastic Calculus, March 2000

1. (a) General approach, in steps:

• Write the derivative valueCt as functionu(τ , St) of time to expirationτ = T − t and
the underlying priceSt. If the payoff at timeT is XT , thenu(0, ST ) = XT .

• Use It̂o’s Lemma to obtain

dCt = −u1(τ , St)dt + u2(τ , St)dSt +
1
2
u22(τ , St)σ2S2

t dt,

whereu1 = ∂u/∂τ , u2 = ∂u/∂St andu22 = ∂2u/(∂St)2.
• Construct a replicating self-financing portfolio of stock and cash bond with priceBt =

ert: Vt = φtSt + ψtBt, such thatVT = XT (replicating) anddVt = φtdSt + ψtdBt
(self-financing). UsingdBt = rBtdt andψtBt = Vt − φtSt, we find

dVt = φtdSt + ψtrBtdt = φtdSt + r(Vt − φtSt)dt.

• No arbitrage implies thatCt = Vt, because both are self-financing and have the same
payoff. Equating the two differential equations impliesφt = u2(τ , St), and

−u1(τ , St) +
1
2
u22(τ , St)σ2S2

t = ru(τ , St)− ru2(τ , St)St.

• Together with the boundary conditionu(0, ST ) = XT , this uniquely determines the
functionu and hence the option price.

(b) Definef1 = ∂f/∂t, f2 = ∂f/∂St, f3 = ∂f/∂S̄t, andf22 = ∂2f/ (∂St)
2. The second

derivative with respect tōSt will not be needed, sincedS̄t has no Brownian motion term,
and hence(dS̄t)2 = 0. We now have

dCt = f1(t, St, S̄t)dt + f2(t, St, S̄t)dSt + f3(t, St, S̄t)dS̄t +
1
2
f22(t, St, S̄t)σ2S2

t dt

=
[

f1(·) + f3(·)
1
t
(St − S̄t) +

1
2
f22(·)σ2S2

t

]

dt + f2(·)dSt,

where(·) is notation for(t, St, S̄t). Equating this with the SDE for the replicating portfolio,
we find the PDE

f1(·) + f3(·)
1
t
(St − S̄t) +

1
2
f22(·)σ2S2

t = rf(·)− rf2(·)St,

with boundary conditionf(T, ST , S̄T ) = [S̄T −K]+. Note: a replicating portfolio can be
composed ofSt andBt only, and notS̄t, becausēSt has no additional risk factor; in other
words, all risk inCt can be hedged withSt.

(c) The solution to the SDE isSt = S0 exp([r− 1
2σ2]t+σW̃t). This means that the stock return

from times to timet is

St

Ss
− 1 = er(t−s) exp

(

σ[W̃t − W̃s]−
1
2
σ2(t− s)

)

− 1.

Sinceσ[W̃t − W̃s] ∼ N(0, σ2(t− s)) underQ, it follows thatEQ
[

exp
(

σ[W̃t − W̃s]
)]

=
1
2σ2(t− s), so that underQ the expected stock return iser(t−s) − 1, which is the cash bond
return. Hence the additional risk in the stock is not compensated by a higher expected return
underQ, hence agents are risk-neutral under this measure. It is also called the equivalent
martingale measure, since underQ, the discounted stock priceZt = B−1

t St is a martingale:

dZt = B−1
t dSt + StdB−1

t = B−1
t St[rdt + σdW̃t]− rB−1

t Stdt = σZtdW̃t,

an Itô process with no drift. The measure is equivalent since the volatility ofSt or Zt is the
same underP andQ.
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(d) The solution ofSt impliesSs = St exp([r − 1
2σ2](s− t) + σYs). Hence

S̄T =
1
T

∫ t

0
Ssds +

1
T

∫ T

t
Ssds =

t
T

S̄t +
1
T

St

∫ T

t
exp([r − 1

2
σ2](s− t) + σYs)ds.

And since in general

Ct = e−r(T−t)EQ [XT | Ft] = e−r(T−t)EQ
[

[S̄T −K]+
∣

∣Ft
]

,

this implies the given formula.

(e) Conditional onFt, St andS̄t are fixed, so the only randomness is inYs. Note thatYs, t ≤
s ≤ T is a Brownian motion starting att, with Yt = 0. Draw M realizationsY (i)

s , i =
1, . . . , M , evaluated at disrete time pointst = s0 < s1 < . . . < sn = T , and simulatēS(i)

T
as

S̄(i)
T =

t
T

S̄t +
1
T

St

n
∑

j=1

exp([r − 1
2
σ2](sj − t) + σY (i)

sj
)(sj − sj−1),

where we have replaced the integral by the corresponding Riemann sum. This givesX(i)
T =

[S̄(i)
T −K]+, and hence

Ĉt =
1
M

M
∑

i=1

e−r(T−t)X(i)
T .

2. (a) By defnition, a zero-coupon bond satisfiesP (T, T ) = 1. The martingale property for

exp
(

−
∫ t
0 rsds

)

P (t, T ) implies

EQ
[

exp
(

−
∫ T

0
rsds

)

P (T, T )
∣

∣

∣

∣

Ft

]

= exp
(

−
∫ t

0
rsds

)

P (t, T ),

which may be rewritten as

P (t, T ) = exp
(∫ t

0
rsds

)

EQ
[

exp
(

−
∫ T

0
rsds

)∣

∣

∣

∣

Ft

]

= EQ
[

exp
(∫ t

0
rsds

)

exp
(

−
∫ T

0
rsds

)∣

∣

∣

∣

Ft

]

= EQ
[

exp
(

−
∫ T

t
rsds

)∣

∣

∣

∣

Ft

]

.

(b) Itô’s Lemma implies

dP (t, T ) = f1(t, rt)dt + f2(t, rt)drt +
1
2
f22(t, rt)(drt)2

= f1(t, rt)dt + f2(t, rt)(θ − αrt)dt + f2(t, rt)σdW̃t +
1
2
f22(t, rt)σ2dt

=
[

f1(t, rt) + f2(t, rt)(θ − αrt) +
1
2
f22(t, rt)σ2

]

dt + f2(t, rt)σdW̃t.

(c) Risk-neutrality holds ifZt = exp
(

−
∫ t
0 rsds

)

P (t, T ) is a martingale, i.e., an Itô process

with a zero drift. IfµP (t, T )P (t, T ) is the drift ofP (t, T ), then it follows that

dZt = −rt exp
(

−
∫ t

0
rsds

)

P (t, T )dt + exp
(

−
∫ t

0
rsds

)

dP (t, T )

= −rtZtdt + exp
(

−
∫ t

0
rsds

)

P (t, T )[µP (t, T )dt + Σ(t, T )dW̃t]

= [−rt + µP (t, T )]Ztdt + ZtΣ(t, T )dW̃t,
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which is a martingale only ifµP (t, T ) = rt, hence the drift inP (t, T ) is rtP (t, T )dt.
Combining this with the answer to question (b) gives

f1(t, rt) + f2(t, rt)(θ − αrt) +
1
2
f22(t, rt)σ2 = rtf(t, rt),

which is indeed a partial differential equation.

3. (a) Xt is an It̂o process with a nonzero drift, so it is not a martingale.

(b) WriteYt = f(t,Xt) = (1− t)−1Xt, which has partial derivativesf1(t,Xt) = (1− t)−2Xt,
f2(t,Xt) = (1− t)−1 andf22(t,Xt) = 0. Hence It̂o’s lemma implies

dYt =
1

(1− t)2
Xtdt +

1
(1− t)

dXt =
1

1− t
dWt.

(c) X0 = 0 impliesY0 = 0, hence

Yt =
∫ t

0

1
1− s

dWs, =⇒ Xt = (1− t)
∫ t

0

1
1− s

dWs.

(d) SinceYt is a stochastic integral with non-stochastic integrating function, it follows that

Yt ∼ N

[

0,
∫ t

0

(

1
1− s

)2

ds

]

.

The variance can be further rewritten as
∫ t

0

1
(1− s)2

ds =
[

1
1− s

]t

0
=

1
1− t

− 1 =
t

1− t
.

Furthermore,Yt has independent increments, sinceYt − Ys =
∫ t
s

1
1−udWu is independent

of Ys =
∫ s
0

1
1−udWu. Therefore,

Cov[Yt, Ys] = Cov[Ys + (Yt − Ys), Ys] = Var[Ys] + Cov[Yt − Ys, Ys] = Var[Ys] =
s

1− s
,

for s < t. UsingXt = (1− t)Yt, this implies

Xt ∼ N [0, t(1− t)] ,

and
Cov[Xt, Xs] = (1− t)(1− s)Cov[Yt, Ys] = (1− t)s,

for s < t.
(e) WriteBt = Wt− t[Wt +(W1−Wt)] = (1− t)Wt− t(W1−Wt). SinceWt and(W1−Wt)

are independent, andWt ∼ N(0, t) and(W1 −Wt) ∼ N(0, [1− t]), it follows that

E[Bt] = 0, Var[Bt] = (1− t)2t + t2(1− t) = t(1− t), Bt ∼ N(0, t[1− t]).

For the covariance betweenBt andBs, s < t, we use

Bt = (1− t)Ws + (1− t)[Wt −Ws]− t[W1 −Wt],

Bs = (1− s)Ws − s[Wt −Ws]− s[W1 −Wt].

The three increments are independent, normal, with mean zero and variancess, (t− s) and
(1− t), respectively. This implies

Cov[Bt, Bs] = E[BtBs] = (1− t)(1− s)s− (1− t)s(t− s) + ts(1− t)

= (1− t)s[(1− s)− (t− s) + t]

= (1− t)s.

Thus we find the same finite-dimensional distributions.
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(f) The Euler approximation in general is

Xti+1 = Xti −
Xti

1− ti
(ti+1 − ti) + (Wti+1 −Wti).

If we taketi+1 = 1 andti = 1− δt, this implies

X1 = X1−δt −
X1−δt

δt
δt + (W1 −W1−δt)

= W1 −W1−δt

∼ N(0, δt).

Since the approximation gets better asδt → 0, this must implyX1 = 0.
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