Solutions to Stochastic Calculus Final Exam, 1998-1999

1. (a) The tradable stock earns continuous dividend; reinvesting this dividend yields a portfolio
with value.S;, which evolves as

dS; = (u + 6)Sydt + .S, dWy,
with Sy = Sp; this has as a solution
S, = So exp ([,u+5— %02] t-l-O'Wt) .
The discounted value equals
Zy = B{ls’t =e S, = Sy exp ([,u + 6 — %0’2 — r] t+ O'Wt)
= Spexp (—%0215 + UWt> ,

wherelW; = W; + ~t, with v = (1 +0 —r)/o. If Wy is a Brownian motion undep, then
there is a measur@ under whichl¥; is a Brownian motion, and under that measdyeas a
martingale. We thus find

Sy = Spexp ([,u — %02] t+ O'Wt)
= Spexp ([u — %02] t+oW, — avt)
= Soexp<[r—5—%02]t+0Wt).

(b) Itis easily checked thaf = —W;/+/T, and sincéVy ~ N(0,T) underQ, this implies
Z ~ N(0,1) underQ. Similarly, Z = —Wz /T — yT/NT = —Wr/VT — /T ~
N(—yVT,1) = N(o~'[r — p — 6]v/T, 1) underP.

(c) We immediately find

In(S0/2850) + [r— 6 — 302| T B In(3)+[r—06-31c%T

Cy =

ovT B ovT ’
5 - ln(So/So)+[T—5—%02]T_ [r—6—30%|T
C ovT S T

(d) Using risk-neutral valuation implies, with a payoff functidir = X1 (Z7), that
Vo = Eqle ™ Xr|Fo]
= / e T Xp(2)¢(2)dz.

The payoff is
25y if Z < ¢y
XT(Z) == ST if Co S Z S dg
So if 7 > ds
Using

e "T'Sr = Spexp (— [6 + %0’2] T+ JWT> = Spexp (— [(5 + %02] T— JﬁZ) ,



2.

we find thatV; equals

c2
/ e 12800 (2)dz +

—00

da

d2

So exp (— (64 02| T — U\/Tz) o(z)dz + /OO e " Sop(2)dz

c2 d2

= e_TT2SO(I)(02) + SO exp (7 [5 + %02] T-o TZ) ¢(Z)dz + e_rTSO[l B Q(d2)]

c2
da

= ¢ T25)®(c2) + | Spexp (_ [0+30%] T —0o Tz) ¢(2)dz + e~ So®(—dy).

C2

(e) The information so far is

Vo = e 25,®(co) — e 9T Su®(c1) + e T So®(dy) + e "T'Sg[1 — (do)]
= €_TTS0 + {6_6T50q)(d1) — S_TTKQ(I)(dQ)} — {6_6T50<I>(61) — e_TTKlq)(CQ)} ,

whereK; = Sy and K, = 253. One can recognize this as
Vo=e"TSy+Cy — Co,

where(; is the value at tim@ of a call option struck ai; and expiring attim&’, : = 1, 2.
This suggests = ¢Sy, ¢, = 1 and¢, = —1. The payoff of this portfolio is

Vr =

So + [ST — So] ™ — [Sr — 250]*
min {max(St, Sy), 250},

which is indeed the required payoff. The values farp, and ¢, could also have been
guessed by making a graph of the payoff structure, and recognizing this as the sum of a
constantSy, the payoff ofC; and minus the payoff of’s.

(a) The model for, impliesr, = r, + o (W, — W), so that

log (B7'Br)

og (e |- | ' rets| exp | [ t ras])

T

/ reds
t
T T ~
—/ rids — O'/ (Ws — Wh)ds
t t

_Tt(T - t) — 0 /tT(WS — Wt)ds.

(b) If X ~ N(u,o?)thenE[exp(X)] = exp(p + %02). Applying this here yields

P(t,T)

Eq [exp(log(B}lBt)) ].7:,5]

Eq [exp(log(B%lBt))]
exp (—rt(T —t)+ %US[T — t]g) ,

where the second equality holds becalige— 1, is independent of;.

(c) It's easiest to work backwards:

(14 07)
m[}( — P(t,t+6)]"
1 +
P(t,t+d] (1+07)
(14 6L(t) — (1+67)F
S[L(t) — 7"



(d) The ideais to usBql[-] = Eq[Eq(-|F:)]. Therefore

Vo = (1+06F)EqEq(B; 5P (t.t+6) '[K — P(t,t + 0)]"|F)]

= (1+07)Eq[P(t,t + 6) ' [K — P(t,t + 0)] "Eq(B. 5| 7)],

becauseP(t,t + ¢) and K are contained in the information s&. Using the fact that
Eo(B; 5|F:) = By 'Eq(B; sBi|F:) = B; ' P(t,t + §), this leads to the required result.

t+4
(e)

d[B{'P(t,t 4 6)] B;'dP(t,t +6) + P(t,t + 6)dB;

B;YdP(t,t +6) — rB; ' P(t,t + 6)dt
Writing P(t,t+8) = f(t,r;) = exp (—ri6 + $036%), we havef, = 0, fo = —6P(t,t+0)
and foy = 0°P(t,t + §), and thus
dP(t,t+0) = —6P(t,t+0)dr, + $0°P(t,t + 0)(dr})
= P(t,t+6)[36%°0%dt — SodWy).
Therefore, lettingZ, = B; ' P(t,t + §), we find
dZt = Zt[%520'2dt - (50'th] - Tttht
= Zt[(%(520'2 - Tt)dt - 60'th]
(f) The previous answer impligsg Z; = log Zo — [ rsds — doW; = —ro8 + L536% — rot —
o [ Weds — §oW;. This is a linear function of the Brownian motion procé$s, and

therefore normally distributed. This is clarified even further if on writes the stochastic part
as

¢ t
—0/ Wsds — Wy = —cWit+ 0/ sdWy — 6o Wy
0 0

t
= U/(s—t—é)dWS,
0

which is a stochastic integral with non-stochastic quadratic variation, hence normally dis-
tributed (conditional on the initial interest ratg). For B; ' K, note that

t b
log(B;'K) = —log(1 + 67) — /0 rsds = —log(1l + 07) — rot — 0/0 Wsds,

and the same argument as before shows that this is a normally distributed random variable,

again conditional om.
(@) log(S:) = f(t,Sy), with f; =0, fo = 1/S; and fao = —1/S?. Therefore

1 1 9
dl = —d —(d
Og(St) St St + 2St2 ( St)
= rdt+o(t,Sp)dW + 1o (t, Sp)*dt

[r + La(t, Sp)?]dt + o (t, Sy)dWy.

(b) The general solution is
t t
log(St) = log(So) + rt + 5/ o(s,S5)%ds + / o(s,Ss)dWs.
0 0

3



(©)

(d)

If o(-,-) is a function ofS;, then the drift is stochastic, and so is the quadratic variation

of the stochastic integral part. Hence there is no reason to assume that the distribution of
log(Sy) is normal. However, it is a deterministic function afonly, then the drift becomes
non-stochastic, as well as the quadratic variation. In that case

t t
log(Sy) ~ N <{log(So) +rt+ %/ O'(S)st} ,/ a(s)2d3> .
0 0
The basic idea of the Euler approximation is the following. We have
tit1 tit1 5
Sti+1 = Sti + / rSydt + / O'(t, St)Stth.
t; t;
For smally = t;,1 — t;, we have
tit1
/ T’Stdt ~ TSti(S
ti
tit1 N - N
/ O'(t, St)Stth ~ U(tiv Stl)StL [Wti+5 - th]
ti

This approximation holds in the sense that it~ co andé — 0, the cumulated right-hand
side will converge in mean square to the cumulated left-hand side. The Euler approximation
in our case thus is

Sti+1 = Sti + TStié + U(tia Sti)Sti [Wti+5 - Wtz]
= S (1 + 70 + o(ti, Sti)[Wti+6 - Wtz}) .

A general binomial tree would be

St,u(ts, S;)  with probabilityp(t;, St,)
Sti+1 =

Sy, d(t;, Sy;) with probability 1 — p(¢;, Sy,)

Herew(-,-), d(-,-) andp(-,-) can in general be functions of and S;,. The correspon-
dence we wish to obtain is to match the first and second conditional momeét pfiwe
abbreviate:; = u(t;, S,), etc.)

EqQ(Sty, [St) = Siluipi +di(1 — pi)],
Eq(St,,1Sn) = Stluipi+d;(1—py)]

(by this we also match the conditional variance). If we can find and explicit formula for the
left-hand side in both equations, then we can solve them for the two unkngvems v,
choosingd; = 1/u;. Wheno is only a function of time, then we will be able to find these
two moments from the log-normality ¢f;. In general, this has to be done case by case.

We can also approximate the first two conditional moments from the Euler approximation.
In our case that would become

EQ(Sti+1’Sti) = (1+T5)Stia
o(ti, Si,)? S50

VarQ(StiH |St,)



