
Solutions to Stochastic Calculus Final Exam, 1998-1999

1. (a) The tradable stock earns continuous dividend; reinvesting this dividend yields a portfolio
with valueS̃t, which evolves as

dS̃t = (µ + δ)S̃tdt + σS̃tdWt,

with S̃0 = S0; this has as a solution

S̃t = S0 exp
([

µ + δ − 1
2σ2] t + σWt

)

.

The discounted value equals

Zt = B−1
t S̃t = e−rtS̃t = S0 exp

([

µ + δ − 1
2σ2 − r

]

t + σWt
)

= S0 exp
(

−1
2σ2t + σW̃t

)

,

whereW̃t = Wt + γt, with γ = (µ + δ − r)/σ. If Wt is a Brownian motion underP, then
there is a measureQ under whichW̃t is a Brownian motion, and under that measureZt is a
martingale. We thus find

St = S0 exp
([

µ− 1
2σ2] t + σWt

)

= S0 exp
(

[

µ− 1
2σ2] t + σW̃t − σγt

)

= S0 exp
(

[

r − δ − 1
2σ2] t + σW̃t

)

.

(b) It is easily checked thatZ = −W̃T /
√

T , and sinceW̃T ∼ N(0, T ) underQ, this implies
Z ∼ N(0, 1) underQ. Similarly, Z = −WT /

√
T − γT/

√
T = −WT /

√
T − γ

√
T ∼

N(−γ
√

T , 1) = N(σ−1[r − µ− δ]
√

T , 1) underP.

(c) We immediately find

c2 =
ln(S0/2S0) +

[

r − δ − 1
2σ2

]

T

σ
√

T
=

ln(1
2) +

[

r − δ − 1
2σ2

]

T

σ
√

T
,

d2 =
ln(S0/S0) +

[

r − δ − 1
2σ2

]

T

σ
√

T
=

[

r − δ − 1
2σ2

]

T

σ
√

T
.

(d) Using risk-neutral valuation implies, with a payoff functionXT = XT (Z), that

V0 = EQ[e−rT XT |F0]

=
∫ ∞

−∞
e−rT XT (z)φ(z)dz.

The payoff is

XT (Z) =







2S0 if Z ≤ c2
ST if c2 ≤ Z ≤ d2
S0 if Z ≥ d2

Using

e−rT ST = S0 exp
(

−
[

δ + 1
2σ2]T + σW̃T

)

= S0 exp
(

−
[

δ + 1
2σ2] T − σ

√
TZ

)

,
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we find thatV0 equals
∫ c2

−∞
e−rT 2S0φ(z)dz +

∫ d2

c2
S0 exp

(

−
[

δ + 1
2σ2] T − σ

√
Tz

)

φ(z)dz +
∫ ∞

d2

e−rT S0φ(z)dz

= e−rT 2S0Φ(c2) +
∫ d2

c2
S0 exp

(

−
[

δ + 1
2σ2] T − σ

√
Tz

)

φ(z)dz + e−rT S0[1− Φ(d2)]

= e−rT 2S0Φ(c2) +
∫ d2

c2
S0 exp

(

−
[

δ + 1
2σ2] T − σ

√
Tz

)

φ(z)dz + e−rT S0Φ(−d2).

(e) The information so far is

V0 = e−rT 2S0Φ(c2)− e−δT S0Φ(c1) + e−δT S0Φ(d1) + e−rT S0[1− Φ(d2)]

= e−rT S0 +
{

e−δT S0Φ(d1)− e−rT K2Φ(d2)
}

−
{

e−δT S0Φ(c1)− e−rT K1Φ(c2)
}

,

whereK1 = S0 andK2 = 2S0. One can recognize this as

V0 = e−rT S0 + C1 − C2,

whereCi is the value at time0 of a call option struck atKi and expiring at timeT , i = 1, 2.
This suggestsψ = e−rT S0, φ1 = 1 andφ2 = −1. The payoff of this portfolio is

VT = S0 + [ST − S0]+ − [ST − 2S0]+

= min {max(ST , S0), 2S0} ,

which is indeed the required payoff. The values forψ, φ1 andφ2 could also have been
guessed by making a graph of the payoff structure, and recognizing this as the sum of a
constantS0, the payoff ofC1 and minus the payoff ofC2.

2. (a) The model forrt impliesrs = rt + σ(W̃s − W̃t), so that

log
(

B−1
T BT

)

= log
(

exp
[

−
∫ T

0
rsds

]

exp
[∫ t

0
rsds

])

= −
∫ T

t
rsds

= −
∫ T

t
rtds− σ

∫ T

t
(W̃s − W̃t)ds

= −rt(T − t)− σ
∫ T

t
(W̃s − W̃t)ds.

(b) If X ∼ N(µ, σ2) thenE[exp(X)] = exp(µ + 1
2σ2). Applying this here yields

P (t, T ) = EQ
[

exp(log(B−1
T Bt))|Ft

]

= EQ
[

exp(log(B−1
T Bt))

]

= exp
(

−rt(T − t) + 1
6σ3[T − t]3

)

,

where the second equality holds becauseW̃s − W̃t is independent ofFt.

(c) It’s easiest to work backwards:

(1 + δr̄)
P (t, t + δ)

[K − P (t, t + δ)]+

=
[

1
P (t, t + δ]

− (1 + δr̄)
]+

= [(1 + δL(t))− (1 + δr̄)]+

= δ[L(t)− r̄]+

= X

2



(d) The idea is to useEQ[·] = EQ[EQ(·|Ft)]. Therefore

V0 = (1 + δr̄)EQ[EQ(B−1
t+δP (t, t + δ)−1[K − P (t, t + δ)]+|Ft)]

= (1 + δr̄)EQ[P (t, t + δ)−1[K − P (t, t + δ)]+EQ(B−1
t+δ|Ft)],

becauseP (t, t + δ) andK are contained in the information setFt. Using the fact that
EQ(B−1

t+δ|Ft) = B−1
t EQ(B−1

t+δBt|Ft) = B−1
t P (t, t + δ), this leads to the required result.

(e)

d[B−1
t P (t, t + δ)] = B−1

t dP (t, t + δ) + P (t, t + δ)dB−1
t

= B−1
t dP (t, t + δ)− rtB−1

t P (t, t + δ)dt

Writing P (t, t+δ) = f(t, rt) = exp
(

−rtδ + 1
6σ3δ3), we havef1 = 0, f2 = −δP (t, t+δ)

andf22 = δ2P (t, t + δ), and thus

dP (t, t + δ) = −δP (t, t + δ)drt + 1
2δ2P (t, t + δ)(dr2

t )

= P (t, t + δ)[12δ2σ2dt− δσdW̃t].

Therefore, lettingZt = B−1
t P (t, t + δ), we find

dZt = Zt[12δ2σ2dt− δσdW̃t]− rtZtdt

= Zt[(1
2δ2σ2 − rt)dt− δσdW̃t].

(f) The previous answer implieslog Zt = log Z0 −
∫ t
0 rsds− δσW̃t = −r0δ + 1

6σ3δ3 − r0t−
σ

∫ t
0 W̃sds − δσW̃t. This is a linear function of the Brownian motion processW̃t, and

therefore normally distributed. This is clarified even further if on writes the stochastic part
as

−σ
∫ t

0
W̃sds− δσW̃t = −σW̃tt + σ

∫ t

0
sdW̃s − δσW̃t

= σ
∫ t

0
(s− t− δ)dW̃s,

which is a stochastic integral with non-stochastic quadratic variation, hence normally dis-
tributed (conditional on the initial interest rater0). ForB−1

t K, note that

log(B−1
t K) = − log(1 + δr̄)−

∫ t

0
rsds = − log(1 + δr̄)− r0t− σ

∫ t

0
W̃sds,

and the same argument as before shows that this is a normally distributed random variable,
again conditional onr0.

3. (a) log(St) = f(t, St), with f1 = 0, f2 = 1/St andf22 = −1/S2
t . Therefore

d log(St) =
1
St

dSt +
1

2S2
t

(dSt)
2

= rdt + σ(t, St)dW̃t + 1
2σ(t, St)2dt

= [r + 1
2σ(t, St)2]dt + σ(t, St)dW̃t.

(b) The general solution is

log(St) = log(S0) + rt + 1
2

∫ t

0
σ(s, Ss)2ds +

∫ t

0
σ(s, Ss)dW̃s.
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If σ(·, ·) is a function ofSt, then the drift is stochastic, and so is the quadratic variation
of the stochastic integral part. Hence there is no reason to assume that the distribution of
log(St) is normal. However, ifσ is a deterministic function oft only, then the drift becomes
non-stochastic, as well as the quadratic variation. In that case

log(St) ∼ N
({

log(S0) + rt + 1
2

∫ t

0
σ(s)2ds

}

,
∫ t

0
σ(s)2ds

)

.

(c) The basic idea of the Euler approximation is the following. We have

Sti+1 = Sti +
∫ ti+1

ti
rStdt +

∫ ti+1

ti
σ(t, St)StdW̃t.

For smallδ = ti+1 − ti, we have

∫ ti+1

ti
rStdt ≈ rStiδ

∫ ti+1

ti
σ(t, St)StdW̃t ≈ σ(ti, Sti)Sti [W̃ti+δ − W̃ti ].

This approximation holds in the sense that ifn → ∞ andδ → 0, the cumulated right-hand
side will converge in mean square to the cumulated left-hand side. The Euler approximation
in our case thus is

Sti+1 = Sti + rStiδ + σ(ti, Sti)Sti [W̃ti+δ − W̃ti ]

= Sti

(

1 + rδ + σ(ti, Sti)[W̃ti+δ − W̃ti ]
)

.

(d) A general binomial tree would be

Sti+1 =







Stiu(ti, Sti) with probabilityp(ti, Sti)

Stid(ti, Sti) with probability1− p(ti, Sti)

Hereu(·, ·), d(·, ·) andp(·, ·) can in general be functions ofti andSti . The correspon-
dence we wish to obtain is to match the first and second conditional moment ofSti+1 (we
abbreviateui = u(ti, Sti), etc.)

EQ(Sti+1 |Sti) = Sti [uipi + di(1− pi)],

EQ(S2
ti+1

|Sti) = S2
ti [u

2
i pi + d2

i (1− pi)]

(by this we also match the conditional variance). If we can find and explicit formula for the
left-hand side in both equations, then we can solve them for the two unknownspi andui,
choosingdi = 1/ui. Whenσ is only a function of time, then we will be able to find these
two moments from the log-normality ofSt. In general, this has to be done case by case.
We can also approximate the first two conditional moments from the Euler approximation.
In our case that would become

EQ(Sti+1 |Sti) = (1 + rδ)Sti ,

varQ(Sti+1 |Sti) = σ(ti, Sti)
2S2

tiδ.
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