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Single Factor Heath-Jarrow-Morton Term Structure
Models Based on Markov Spot Interest Rate
Dynamics

Andrew Jeffrey*

Abstract

This paper considers the class of Heath-Jarrow-Morton term structure models where the
spot interest rate is Markov and the term structure at time ¢ is a function of time, maturity,
and the spot interest rate at time £ A representation for this class of models is derived
and [ show that the functional forms of the forward rate volatility structure and the initial
forward rate curve cannot be arbitrarily chosen. [ provide necessary and sufficient conditions
indicating which combinations of these functional forms are allowable. [ also derive a
partial differential equation representation of the term structure dynamics that does not
require explicit modeling of both the market price of risk and the drift term for the spat
interest rate process. Using the analysis presenied in this paper, a class of intertemporal
term structure models is derived.

. Introduction

The term structure of interest rates is here defined as the relationship between
default-free bonds of all maturities. This study considers the term structure and
haow it evolves over time; that is, the term structure dynamics. A large number
of single factor models of the term structure dynamics have been constructed by
characterizing the dynamics of a single proposed underlying stochastic economic
variable (usually the spot interest rate), which is assumed to drive the dynamics
of the term structure. The underlying stochastic economic variable, henceforth
assumed to be the spotinterest rate, is commoenly modeled as a Markov process. By
assuming the term structure at time r is a smooth function of time, the Markovian
spot interest rate at time f, and maturity, a partial differential equation (PDE)
representation of the term structure dynamics is obtained,! For convenience, such
frameworks will be referred to as Markovian spot interest rate based paradigms.

*School of Banking and Finance, The University of New South Wales, Sydney, NSW 2052, Aus-
tralia. The author thanks Marek Musiela, Toan Pham, Li-Anne Woo, Arthur Mereau, Roger Bowden,
Carl Chiarella, Ah-Boon Sim, Tommy Stamland, David Thurston, the serminar participants at both the
School of Banking and Finance and the School of Statistics at the University of New South Wales, TFQA.
Referee Robert Farrow, and the participants at the 1994 American Finance Association Conference.
This paper constitutes part of the author's Ph.D). dissertation.

LThe term “smooth” is used to indicate a term structure that js sufficiently differentiable with respect
to each of its variables, which allows the PDE representation to be used.
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Classic examples of such paradigms are Vasicek’s (1977) framework and the model
resulting from the Cox-Ingersoll-Ross (1985b) (hereafter CIR) general equilibrium
framework. Both of these frameworks characterize the term structure dynamics by
specifying (or determining) the drift and volatility of the spat interest rate process,
and the market price of risk for the single source of uncertainty. The Hull-White
(1990), (1993) framework ts also a Markovian spot interest rate based paradigm.
The difference in their approach is the use of different information to characterize
the term structure dynamics, which avoids specifying the market price of risk and
the drift term of the spot interest rate process. Their information set specifies the
spot interest rate volatility and the functional form of the term structure itself, and
they use the observed initial term structure and the volatility of the term structure
at time Zero as exogenous ipputs.

The above Markovian spot interest rate based paradigms are fundamentally
different from the Heath-Jarrow-Morton (1992) framework (hereafter referred to
as HIM) in two respects. First, the HIM framework does not focus on the dynamics
of a particular economic variable. Instead, the transitions over time of the whole
term structure are modeled. This framework allows for the spot interest rate to be
non-Markov. Second, even though the HIM framework is similar to the Vasicek
{1977) setting, in the sense that a no-arbitrage condition in the bond market places a
restriction on the intertemporal dynamics of the term structure, the HIM framework
differs by the information set used to characterize the term structure dynamics. In
particular, the HIM framework specifies the forward rate volatility structure {the
volatility of each forward rate with fixed maturity date) and the initial forward rate
curve. This information ts sufficient to characterize the term structure dynamics
without explicitly modeling utility dependent parameters (such as the market price
of risk} and the drift term (the expected dynamic component) of forward rates.
Since explicit modeling of utility dependent parameters is avoided, I will refer to
such a framework as “preference free.”?3

The differences between the HIM and Markovian spot interest rate based
paradigms ratse the following issues. First, it is well known that some HIM-based
models cannot arise in a Markovian spot interest rate based paradigm. The ques-
tion then is, which HIM models can arise in such a paradigm? A closely related
issue ks what implicit structural assumptions ate being made about the term strue-
ture and the volatility structure in Markovian spot interest rate based paradigms?
Second, how can the structure imposed by a Markovian spot interest rate based
paradigm be explotted in a HIM setting to provide a methodology for representing
the term structure dynamics? An advantage of models constructed in a Markovian
spot interest rate based paradigm is the simplification of numerical procedures for
evaluating bath the term structure and interest rate sensitive claims. This numer-
ical simplification arises because 1) the term structure at time ¢ is a function of
time ¢, maturity T, and the realization of the spot interest rate at time ¢, so the

IThis does not imply that prices do not depend on preferences, it only indicates that I avoid
medeling preferences directly. Infortation about preferences is embedded in the specified information.
Therefore, [ consider the framework to be preference free in the same sense that the Black and Scholes
framework is preference free for p:i'cing derivatives on stocks.

3The Hull and White (1990) framework can also be considerad preference free, however, the
construct of their framework is considerably different from the HIM framework. The Hull and White
(1990) framework will be furtber discussed in Section V.
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only stochastic variable that needs to be considered ts the spot interest rate, and
i) a Markov evolution of the spot interest rate can be modeled with a recombining
lattice. The recombining lattice improves the computational speed of evaluating
interest rate contingent claims using methods such as Nelson and Ramaswamy
{1990) and Li, Ritchken, and Sankarasubramantan (1994). Finally, Markovian
spot interest rate based paradigms have generally represented the term. structure
dynamics via a partial differential equation (PDE) that involves the market price
of risk, drift, and volatility of the spat interest rate process. The preference-free
frameworks of Hull and White (1990) and HIM do not require the specification
of the market price of risk and drift component of the spot interest rate.* Con-
sequently, can a general PDE representation of the term structure dynamics be
provided that does not involve the market price of risk and the drift component of
the spot interest rate process?

To examine the ahave issues, I work within the HTM framework where the
term structure at time ¢ is a function of time ¢, maturity T, and the Markovian spot
interestrate at time ¢. From this analysis, I find that the functional forms of the for-
ward rate volatility structure and the initial forward rate curve cannat be arbitrarily
chosen, however, I provide necessary and sufficient conditions that they must sat-
isfy to be allowable in such a framework.>:¢ These conditions indicate i) which
HIM medels are allowable in a Markovian spot interest rate based paradigm, and
i1) the structural restrictions placed on the initial term structure and the volatility
structure when working in a Markovian spot interest rate based paradigm. A rep-
resentation for HIM term structure models in a Markovian spot interest rate based
setting is also derived. This representation provides a method for testing this class
of models and, as mentioned above, can be incorporated into existing methods for
term structure derivative pricing. To answer the last issue, [ derive a PDE repre-
sentatton of the term structure dynamics that does not involve the market price of
risk and the drift component of the spot interest rate process. Such a representation
may prove useful since a number of techniques exist for solving PDEs. Again,
this can be used to test term siructure models and be incorporated into existing
methods for pricing term structure derivatives.

To tllustrate the analysis presented in this paper, a class of forward rate volatil-
ity structures is considered, which has the property that the volatility of the forward

*Hull and White (1990} do focus on the above mentioned PDE and place a structure on i) the
market price of risk, ii) the drift companent of the spot interest rate process, and iii) the form of the
entire term structure. After some manipulation, Huil and White eliminate the necessity of knowing the
exact specification of the spot interest rate’s drift component and the market price of risk.

IThe volatility structures arising from the conditions derived in this paper cannot be considered a
subset or a superset of the volatility structure class considered in Ritchken and Sankarasubramanian
(1995). Their class of volatility structures allows for single state non-Markov behavior in the spat
interest rate, which is not allowable in this paper. Unlike Ritchken and Sankarasubramanian, where
the functional form of the initial term structure can be arbitrary, 1 derive a restriction on the functional
form of the initial term structure that allows the use of volatility structures outside the class considered
by Ritchken and Sankarasubramanian,

Carverhill (1994) derives a necessary and sufficient condition for deterministic forward rate volatil-
ity structures to imply a Markovian spot interest rate process. Volatility structures in this paper are
allowed to be stochastic via possible dependence on the Markavian spot interest rate. Carverhill's
result is consistent with the volatility structure condition developad in this paper. This consistency
is verified by the example presented in Section V where the class of volatility structures considered
captures all deterrninistic volatility structures as a subset.
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rate at time ¢ for date T is proportional to the spot interest rate volatility at time ¢,
This example captures all deterministic forward rate volatility structures and fur-
ther captures a class of volatility structures dependent on the stochastic spot interest
rate. In particular, the volatility structures (and models) by Vasicek (1977), CIR
(L985b), Hull and White (1990}, and the “affine class™ of term structure models by
Duffie (1992), are captured by this example. In addition, the volatility structure
form considered in this example demonstrates which volatility structures consid-
ered by Ritchken and Sankarasubramanian (1995} are allowable in a Markovian
spot interest rate based paradigm.,

The remainder of this paper is organized as follows. Section II provides a
brief summary of the HIM framework that defines the notation and framework
adopted in this paper. Section III provides the analysis of the HIM framework
within a Markovian spot interest rate based paradigm. Section IV provides a PDE
representation of the term structure dynamics, which is preference free and does
not involve the drift component of the spot interest rate. The embodiment of Hull
and White (1990} and HIM are also discussed. Section V provides an example of
a class of dypamic term structure models, and Section VI concludes.

. Summary of the Heath-Jarrow-Morton Framework with a
Single Stochastic Variable

For ease of exposition, this section summarizes the single stochastic factor
HIM (1992) framewark, The HIM framework models the evolution of the term
structure by focusing an the instantaneous forward rate at time ¢ for date T, denoted
f{t, T, which is defined through the relation,

T
(1) La[PG.T)] = - / £, )dv,

where P(t, T) is the price of a one dollar face value, default-free, zero coupon bond
at time ¢ that will mature at time T. Furthermare, the instantaneous forward rate at
time ¢ for date ¢ is the instantaneous spot interest rate at time ¢, that is, £z, 1} = ¥(1).

The HIM framework models the uncertain evolution of the term structure via
the following stochastic differential equation,

(2) dft, Ty = alw,t, T)dt +yw,t, Tdz(t),

where z(t) is a Wiener process and w indicates the possible dependence on the
history of the Wiener pracess. To ensure that no-arbitrage exists in the bond
market, HIM (1992) show that the arbitrage-free condition can be represented in
terms of the following restriction on the forward rate drift component,’

T
olen, t,TY = #(w,t, T) /q’(w,r,v)dv+)\(w,r) ,

4

"To derive the arbitrage-free condition, refer to HIM (1992} or, altematively, reexpress the term
structure dynamics in terms of bond prices via equation (1) and then apply the standard no-arbitrage
condition for bond prices as in, for example, Vasicek {1977).
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where A(w, 1) is interpreted as the market price per unit of risk in the term structure’s
evolution. Substituting this condition into equation (2) results in the following
arbitrage-free characterization of the term structure dynamics in terms of forward
rates,

T
3 dfaq, Ty = ¥, t, T / Y, t,v)dv + Mw, £) | 3 df + v(w, £, T)dz(r).

!

In the following section of this paper, Section III, the spot interest rate process
plays a key role in determining the representation of the term structure dynamics.
Since r(t) = f(1, t), equatton (3) implies the following structure for the spot interest
rate process,?

afe, T)

4) ar(ty = fy(w,t,!),\(w,:}+-——5%——

] dr + y(w, 1, )dz(r).

=t

This representation has the following intuitive interpretation: the instantanecus
change at the origin in forward rates over maturity, [3f{t, T) /8T 7=, is equal to the
expected instantaneous rate of change in the spot interest rate over time conditional
on the information available up until time t (denoted Fy), thatis Efdr(1)|F;1/dz, plus
the risk premium ~~{w, t, ) A(w, t), which is required for the uncertainty associated
with spot interest rate movements.?

IIl.  HJM Framework Subject to a Markovian Spot Interest
Rate Paradigm

This section considers the class of HIM models that are allowable in a Marko-
vian spot interest rate based paradigm. As a consequence, the following notation
is adopted. The volatility structure is now only a function of the spot interest rate
at time ¢ (denoted by r), current time ¢, and the maturity of the forward rate T,
consequently, denote ¥(w, ¢, T) by v(r,1, 7). To emphasize that the forward rate
for time T depends on the spot rate at time ¢ and time 7 only, denate the forward
rate (¢, T) as f(r, ¢, T). 1t is also assumed in this section that the forward rate curve
f(r,2, T) is a “smooth” function of r, ¢, and T.1¢

Within a Markovian spot interest rate based paradigm, the spot interest rate
process given in equation (4) has the following structure,

1]

(5) ar i, Odr + a{r, )dz(t),
where v = r(t) = f(nti),

BThe derivation of this process appears in Appendix | where it is sufficient to assume the term
structure f(¢, T) is continuous in maturity T and 8f (¢, T}/ 8T exists for ail T.

9To characterize risk-averse hehavior, the risk premium must be positive, that is, —v{w, 1, ¢
Mea, 1) > 0.

10The term “smooth" is used here to mean the term structure f(r, £, T)is continuous and the following

partial derivatives exist: 8f(r, t, T) /819, 8 (r, £, T)/ art vr, and Jf(r, ¢, Ty/8TwT. This is sufficient
to i) allow [td's lemma to be applied to f(r, ¢, T) and ii) allow differentiation of any forward rate curve
with respect to maturity.
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I 1,7)
T |y,

w(r, 1}

alr,ty = =y(r.tt).

Since it is assutned that the forward rate curve at time ¢ is a smooth function of time
¢, maturity 7, and the spot interest rate at time ¢, [t8’s lemma applied to f(r, £, T)
yields the following stochastic process, which describes the evolution of forward
rates,

¥t DA 1) +

afir,t, T) T 10T
6y df(r.t,T) a—p(r.r)+ FTERRE - a(r,:)ﬁJ dt
6f (r nT (r, Hdz(t).

However, the arbitrage-free dynarmcs of forwatd rates as given in the HIM frame-
wark (equation (3)) must represent the same dynamics as given in equation (6)
above. Consequently, the term structure dynamics can be obtained by equating
the drift and volatility coefficients across these two equations,

T

T wet,T) / ~r L vdv + Mty = LAGLEY T},u(r, f+ _af(r, 67)
Ir N
!
161f(r,: T
*3 o o0
®) vty = LDy,
Ir

where f(r, t,t) = r is a boundary condition.

The HIM framewark characterizes the term structure dynamics by specifying
the forward rate volatility structure and the initial term structure, This information
is also sufficient to salve the system of equations (7) and (8) to provide a unique
[f{r,t, T), however, the volatility structure and the initial forward rate curve cannot
be arbitrarily chosen.!! Necessary and sufficient conditions are now provided to
determine i) which volatility structures are allowable in a Markovian spot inter-
est rate based paradigm (Condition C1), and ii} the set of allowable initial term
structures corresponding to a given volatility structure (Condition C2).12

Condition Cf. A volatility structure y(r,t, T) is allowable in a Markovian spot
interest rate based paradigm if there exists a pair of functions 8(r,¢) and k(t,T)
that satisfy the following equation,

T r
B GLXVPIRPC  GAD
¥, t, T) / “r t,vydv = B ar, 1} + 0 / pop—— dm

y(r, t, T)]

Rl
+hit, TY+ 27(:* 5ty — L’(r’r )

Ngee Appendix 2.
R¢onditions Cl and C2 are determined in Appendix 2.
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Condition C1 clearly limits the types of volatility structures allowable. For ex-
ample, a seemingly reasonable extension to the HIM (1992} constant forward rate
volatility structure madel (y(r,t, T) = g} is a volatility structure that is propor-
tional to r8, that is, Ty = or?. From Condition C1, 8(r, t) must be of the
form a2r*(T — 1) — h(t, T), which is impassible since there is no choice for h(t, T)
such that a2r28(T — 1) — h(z, T) is independent of T. Consequently, the volatility
structure (r,1,T) = ar? where g # 0 is not allowable in the Markovian spot
interest rate based paradigm.

Condition C2. Given a volatility steucture that satisfies Condition CI, the corre-
sponding initial forward rate curve must be of the following form,

r

_ ¥m, 0, T)
fir, 0,7y = f ~om.0,0) dm+ k(T),
0

where (T} = — fﬂr h(s, T)ds for any valid A{z, T} in Condition C1.

Condition C2 demonstrates that the set of allowable initial term structures depends
an the choices for A{t, T) in Condition C1. The following theorem addresses this
; 14

issue,

Theorem i. Let 4(r,t, T) be a particular volatility structure satisfying Condition
C1, and let £(¢, T) be a deterministic function of r and T.

iy If ~(r,t,T)is not of the form £(t, T)y(r,t, £) then there is only one valid
pair of functions 8¢r,?) and hit, T} for Condition C1, hence, &(T) in
Condition C2 is completely defined by ~v(r,t, T).

i) If v(r,t, T) is of the form &(t, T)y(r, 1,1} then the set of valid pairs of
functions #(r, 1} and A¢, T) for Condition Cl1 is

a f ~“m, 1, T)
8(r. 5 % m’r(m, 1 dm — ¢ft),
a T=t
e T) = €@ T) (et = hy(t,0)) + hy(e, T),

where h,(t, T) represents any particular valid (¢, T) for Condifion C1
and c(t) is an arbitrary function. Further, for Condition C2, any arbitrary
function k(T) where k(0) = 0 can be obtained by a unique choice of ¢{z}.

Theorem 1 provides two important results. First, for a given allowable volatility
structure (r, £, T) that is not of the form £(z, Tyy(r, ¢, £), then the volatility structure
uniguely determines the initial term structure via Condition C2. Consequently,
fitting the initia] term structure and choosing a volatility structure cannot be done
independently. This result also implies that an allowable volatility structure not of
the form £(t, T)y(r,t,t) is enough to uniquely solve for f(r, ¢, T} in the system of
equations (7) and (8). Second, for a given allowable volatility structure y(r, t, T)

3The constant forward rate volatitity strueture made] js allowabte jn a Markovian spot interest rate
based paradigm; it is a special case of the class of models arising in Section V.
14The proof of Theorem 1 is in Appendix 2,
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that is of the form £(t, TY¥{(r, t, 1), &(T} in Condition C2 can be chosen to correspond
to any observed initial term structure that is once differentiable in maturity.

Assuming Conditions C1 and C2 are met, a representation of the term structure
dynamics resulting from the solution to the system of equations (7) and (8), in terms

of the forward rate volatility structure and the initial forward rate curve, is'
s, 1) / [’}’(hs T)]
9 rnt,T) = —/ —— 8, 5)ds — = F S5, 8y — ds
¥ S ) (. 5.5) (r, 5} wr. 5,5y o 5.3)
t T
+/'y(r, 5T /’y(r, sV)dv| ds+ f(r,0,T).
a K

Theorem 1 indicates that if the volatility structure is not of the form £(¢, T)y(r, t, 1),
then 8(r, ) and f(r, 0, T} can be determined from the specification of the volatility
structure via Conditions CI and C2 directly. Otherwise, if the volatility structure
is of the form £(z, T)¥{r,1,1), then choose k(T) in Condition C2 by fitting the
initial forward rate curve and then 8(r, ) can be determined from the following

equation, '

/ ¥(r, 8, 1) _ 1 ; ¥(ry 5, 1)
{10y /’Y(f“ : S}ﬂ(r,s}ds = f{r,0,t 3 /’y(r,s 0t — ['y(r,s s)] ds
0 0

t t

+f’}’(?‘,&‘,t) /'y(r,s, vidv| ds —r,

4l £

In the above representation, the function 8(r,t) can be interpreted as the drift of
the spot interest rate in an equivalent risk-peutral economy, or alternatively, the
slope of the forward rate curve at the origin,!’

Of(r, 1, T)

(11) 8(r,t) = plr,t) — Mr.o(rt) = 27

T=t

‘This is consistent with Vasicek's {1977) observation that in his framework, where
the drift and volatility of spot interest rates are given, the market price of risk can

13This representation appears in Appendix 2, equation (A-4). Note, in this solution, » is the spot
interest rate at time f.

1$Equation {10) is abtain from equation (9} evaluated ar T = 7. Note, for a volatility structure of the
torm ~p(r, &, T) = £(¢, Thylr, 1, 1), 6(r, 5y and £{r, 0, T) are of the form,

r ¥
_ 3 [ymsD) | _ [ moD
ar,s) = - P / P dm|r=s e(s) and f(r,0,T) = / . 0,0) dnt + KT,

(] O

where ¢(s} is arbitrary and k(T is chosen to fit the observed initial term structure.

7By definition, 8(r,£) = plr, £} — Mr, (a(r, t) (see equation (A-1) in Appendix 2), which is the
drift of the spot interest rate in an equivalent risk-neutral economy, and the interpretation of being the
slope of the forward rate curve at the origin follows from equation (3).
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be obtained by the empirical measurement of the “slope at the origin of the yield
curves” (p. 184).18

Even though the above discussion demonstrates the restrictive nature of
Markovian spot interest rate based paradigms, a wide variety of models is still
available. Section V of this paper considers, as an example, the class of HIM
models, subject to a Markovian spot interest rate based paradigm, which have
a volatility structure of the form v(r,:,T) = E£(t, T)y(r. 2, t). This example alsa
serves to further the analysis of this section by determining the class of volatility
structures that is able to fit any observed initial term structure.

IV. Preference-Free Partial Differential Equation
Representations of the Term Structure Dynamics

In a Markovian spot interest rate based paradigm, the price of a one dollar
face value, default-free, zero-coupon bond at time £ that matures at time 7 depends
on the spot rate at time ¢, time ¢ and maturity T only. Consequently, such a bond
is denoted P(r,t, T). Generally, representations of the terim structure dynamics in
a Markovian spot interest rate based paradigm have been via the following bond
price partial differential equation, which involves the market price of risk, drift, and
volatility of the spot interest rate process (A(r, ¢), (7, I}, and a{r, t), respectively),

OPOLT) Ly — Mot o) + 22T
or ot
1 8%P(r,1,T) 2 B
+§-—-—é—r-i——a(r,t) —rP(r,t,T) = 0,

where P(r,t,t) = 1. The Vasicek (1977) and CIR (1985b) frameworks specify/
determine the market price of risk, drift, and volatility of the spot interest rate
process, which is enough to provide a unique solution P{r, ¢, T) to the above PDE.
It is interesting to note that to solve the above PDE, it is only necessary to specify
pir, 1y — A(r, e (r, £) and o (r, ) where, from equation {11), we know that u(r, t) —
Alr, ha(r, £} can be interpreted as the slope of the forward rate curve at the origin.
Therefore, this PDE can be considered a preference-free representation of the term
structure dynamics when these two components are specified.

A PDE representation that is cansistent with both the Hulf and White (1990)
and HIM frameworks, in the sense that the specification of the drift component of
the spot interest rate and the market price of risk are not specified, is the following,'

PP T) [ 0Pt T)  18%P0,1,T)
aoT ot 2 ar

¥ Note that the yield y(z, T) is defined as

(12)

a(r, t)* + rP(r. ¢, T)]

T
¥y, = % / f(e, vidv, consequently, M = iaf(f,T)
!

ar =t 2 ar T=t

9The derivation of this partial differential equation appears in Appendix 3 where P(r, 1, T) is as-
sumed to be sufficiently differentiable in each variable for all partial derivatives in equation {12) to
exist,
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OP(r, 1, T) [8*P(r, e, T) 1 3*Pr,t, T) , OP(t,T)

Yo [ 2T T2 araror T T ar 0
where P(r, T, T) = 1. Toconsider the HIM models from Section ITI, it is convenient
to reexpress the above PDE in terms of forward rates as follows, 2

Pre Ty [ e Ty 1300T) o
ordT ot 1o 0"
6 L T LI | 2
(13) _Bf(n,T) [Bf(r,t T)J(m)
ar ar

L) [aif(r, LT} 18,4, T)

2 =
Br aar T2 ararer OO ‘)] =0

where f(r,t, 1) = r.

The Hull and White (1990) framework is obtained by specifying: i) the
spot interest rate volatility to be of the form a(f) or o(t)\/¥, and ii) P(r,1,T) =
A, T)exp{—B(t, T)r} for some functions A(z, T) and B(z, T}. The term structure
dynamics can be expressed purely in terms of A(Q, T} and B(0, T). B(0, T) can be
chosen to correspond to the initial forward rate volatility structure?! and A(0, T} is
chosen such that P(r, 0, T) = A0, T) exp{ —B(0, T)r} corresponds to the observed
initial term structure. This is enough to solve PDE (12).

The HIM framework requires the specification of the forward rate volatility
structure and the full observation of the initial forward rate curve. Consequently,
this information is enough to solve PDE (13). Note that in the Markovian spot
interest rate based paradigm (analyzed in Section III), the forward rate volatility
structure (¢, £, T) is equal to [3f(r, ¢, T)/Arla(r,1). Further, equation (3} states
that +(r, £, t) = a(r, t), which indicates the implicit specification of the spot interest
rate volatility from the specification of the forward rate volatility structure. It
is important to note that the functional forms of both the forward rate volatility
structure and the initial term structure must be such that a solution to PDE (13)
exists. The required restrictions on these functions are Conditiens Cl and C2
presented in Section IIL

V. A Preference-Free Dynamic Term Structure Example: A
Volatility Structure of the Form ~(r, t, T) = &(t, T)v(r, t, 1)

This example pravides a class of HIM maodels, subject to a Markovian spot
interest rate based paradigm, where the chosen volatility structure is of the form
~(r, t, T) = £(t, Tyy(r, t,1). Section Il shows that this class of models is the only
class that has the property of being able to fit any observed initial term struc-
ture given the volatility structure. Volatility structures of the form v(r,t,T) =

20The derivation of this partial differential equation appears in Appendix 4 wheref(r, £, T) is assumed
to be sufficiently differentiable with respect to each variable for all partial derivatives in equation (13}
ta exist.

2L Fram equation (1), 8 La{Pir,r, T)}/8T = —f(1, T), which implies 8B(t, T)/8T = —8f(r,t, T}/
8r, but fram equations (5) and (8), 8f(r, £, T)/8r = v(r, £, T)/+(r.1,1). Note the boundary condition
Pir,t, ) = | implies B(¢, £) = ¢ and, therefore, B(t, T) = — fr T “¥(r, t, )/ ¥(r, 1, )dv. Hence, B0, T} is
fully determined from the initiat forward rate volatility structure.
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£Qt, Thv(r, ¢, ) capture many existing examples already presented in the term struc-
ture literature: for example, the volatility structures implied by the models of
Vasicek (1977}; CIR (1985b); Duffie’s (1992) “affine class;” the constant and ex-
ponential decay forward rate volatility structures given in HIM (1992); and all the
volatility structures allowable in the Hull and White (1990) framework.?? This
example also captures the class of volatility structures considered in Ritchken and
Sankarasubramanian (19935} that are allowable in a Markovian spot interest rate
based paradigm.?® It is important to also note that some volatility structures gen-
erated in this example are not allowable in the Ritchken and Sankarasubramanian
(1995) framework.

First, to determine the allowable form for 8(r, ), evaluate Condition C1 at
T=t,

ar, )

A, T)
B ( ot

) r—his,n.
=t

Substituting back inta Condition C1 yields the following equation, which must
hold for allowable volatility structures,

r
w(r, b, O, T}f&(t, vidv = £@,T) [(- 655,;’[) )r — (2, r)}
/ T=¢
€@, T)
+ o r+hiz, 7).

This equation can only have solutions if the spot interest rate volatility is of the
form,

(14) wr L = al)r+b@).

Consequently, the following two equations must hoeld.

First, b(nyeie, T} f s, vydy + £, TR,y = ki, T

Noting £(¢, T) = v(r, 1, T)/v(r, t, t) implies £(¢, 1) = 1, there always exists a k¢, T')
for any arbitrary choice of A, 1), which ensures that this equation holds.

Second,

9. T)

(15) a(t)éit, T)[g(: vidv + £(¢, T)( 5

_ 0, T)
T=t h ot ‘

215ee Appendix 5 for a reconciliation of these volatility structures with this example.

3The class of volatility structures considered by Ritchken and Sankarasubramanian (1995) are of
the form o, t)exp( f s{x)dx). [f the spot interest rate process is Markov with respect to a single
state varjabie, then cr(uJ 1) = a(r, ). Consequently, their class conforms to the structure considered in
the example.
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The solution to this equation needs to be considered under two cases, namely when
a(t) =0 and a(t) # 0.

Case 1. When a(t} = 0.

Under this scenario, the forward rate volatility structure is deterministic and
of the form £(, T)y/b(r). This structure also implies that b(z} is nonnegative.
For convenience, let the valatility structure ¥(r, £, T) be denated by (¢, T) and
¥(¢, 1) = o(2).

Solving equation (135) when a(r} = 0 shows that the forward rate volatility
structure must be of the following functional form,2*

16}y Ty = o@yexp{¢(T)—{()} forarbitrary functions g(¢) and ().
From equations (9), (16), Condition C2, and Theorem 1, the dynamic term structure
model is
! t T
FoLT) = — D / e~$O9(r, 5)ds + / (54N~ / L=V g, e
a a 1
+ eSO =D 4 (T,

where 4(0) = 0 and k(T can be chosen to ensure an exact correspondence to the
observed initial term structure.

Further, from equation (10) and Condition C2,

f t !

/e"cmé’(r,s)ds = -0 /cr(s)ze“')_cm/e“")_a”dvds

a 4] H

—r+rf9 O k()
On simplification, the term structure maodel is
T ¢
17y f(rt,T) = &0 /e““)dv / a(sYe MO0y + (r — k(1)) £ DO + K(T),
¢ 0

where k(0) = 0.

In summary, 1 show that any forward rate volatility structure that is exclu-
sively a function of time ¢ and maturity T can only occur in a Markovian spot
interest rate based paradigm if it is of the form given in equation (16). This form is
consistent with the Carverhill (1994) necessary and sufficient condition derived for
deterministic forward rate volatility structures to imply a Markovian spot interest
rate process. Further, this volatility structure is of the Ritchken and Sankarasub-
ramanian (1995) form indicating that their deterministic volatility structures are
allowable in 4 Markovian spot interest rate hased paradigm. Finally, for volatility

24The solution was oot written in the form (¢, T) = a(AT)/A() to avoid undefined (¢, T).
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structures of the form given in equation (16), the corresponding term structure
model is given in equation (17) where k(T'} is chosen to correspend to the actual
observed initial term structure.??

Case 2. When a(t) # 0.

Under this scenario, the forward rate volatility structure is dependent on the
stochastic spot interest rate. For convenience, denote y(r, t, £) by a(r, t) and from
equation (14), a(r, 1)* = a(tyr + b(t); consequently, it is necessary that a(fyr+5(2) >
0. This restriction indicates the following regions for which the spot interest rate
can exist:

i) if a{ty < 0, then the spot interest rate must be in the region r <

(b(e}/a();

i) if a{t} > O, then the spot interest rate must be in the region r >
(At)/a(D)).

An individual modeling the term structure dynamics may consider the most rea-
sonable regian for spot interest rates to lie within is the latter since a lower bound
for the spot interest rate is defined®® rather than an upper bound as is the case when
a(t) < 9.

Selving equation (15) shows that the forward rate volatility structure must be
of the following functional form,”

2A(T) {C'(0) — AW)) Va(t)r + b(r)

(18) ¥ 1. T) ;

a(?) (fA(s)a's + C(r))

for an arbitrary function C(¥) where

C'(6) + /()2 — 2a()C(1)?
) ;

C'@? > 2a0CE*  and C'() represents

At

dc(r)
dar

Now that the class of allowable volatility structures has been determined, Condition
C2 and Theorem 1 state that the initial forward rate curve must be of the form,

fr.0.T) = 24T) (C'0) - AO)) 5P+ k(T),

T
a(0) ( [ A(s)ds + C(O))
i¢]

where k(0) = 0, and (T} can be chosen to ensure an exact correspondence to the
observed initial term structure.

23ull and White (1990) supply a closed form solutien for their “Extended Vasicek™ model. This
model has a volatility structure of the form D¢, T)a() and, therefore, the closed form expression of
the entire term steucture given in equation (17) is the same as the Extended Vasicek model expressed
in terms of forward rates.

2 are, the spot interest rate volatility is of the form +/a(f)» + b} so if the modeler wishes to seta
lower bound to the spot interest rate process, he simply needs ta ensure that a¢) > 0.

275ee Appendix 6.
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In summary, [ show that any forward rate volatility structure that is of the form
£(t, T)¥(r, 1, 1) can only occur in a Markovian spot interest rate based paradigm if
it is of the form given in equation (18). The class of Ritchken and Sankarasubra-
manian (1995) volatility structures allowable in such a paradigm is also captured
by the form £(r, T)yy(r,r.£). However, the only case where equation (18) is of
the Ritchken and Sankarasubramanian class is when a(f) = 0% Therefore, the
only volatility structures of the Ritchken and Sankarasubramanian class that are
allowable in a Markaovian spot interest rate based paradigm are those that are deter-
ministic. Finally, since a closed form expression for the term structure dynamics
could not be found, knowledge of allowable volatility structures and the form of
the initial forward rate curve enables the use of numerical methods to model the
term structure dynamics via either i) equations (9) and (10) from Section III, or ii)
PDE (13) from Section [V.

VI. Summary and Conclusions

In this paper, I study and discuss a representation for those HIM dynamic
term structure models that are allowable in a Markovian spot interest rate based
paradigm. Two necessary and sufficient conditions emerged that define the com-
binations of functional forms for the initial forward rate curve and the forward rate
volatility structure to be allowable. Further, I show that only allowable volatility
structures of the form £(¢, T)y(r, 1, ) have enough flexibility in their corresponding
initial term steucture such that the resulting term structure model can fit any ob-
served initial forward rate curve. To unify existing preference-free frameworks in
a Markovian spot interest rate based paradigm, a PDE representation of the term
structure dynamics has alse been derived. This PDE representation is consistent
with other preference-free frameworks in the term structure literature since it does
not involve the market price of risk and the drift component of the spot interest
rate process.

To demonstrate the usefulness of the dynamic term structure representations
presented in Sections IIE and IV, the class of allowable forward rate volatility
structures of the form £(¢, T)v{r, 1, £) has been derived. For the case where the
volatility structure is deterministic, a closed form expression for the resulting class
of dynamic term structure models has heen provided. For the general case, the
set of allowable volatility structures and corresponding initial forward rate curves
has been derived. This is useful as numerical methods may be utilized to solve
for the term structure dynamics via either equations (9) and (10) from Section
I, or the preference-free FDE representations from Section IV. Since the class of
models considered in this paper has the property that the term structure at time ¢
is a function of the spot interest rate at time ¢, time and maturity only, they can
easily be incorporated into lattice methods to price interest rate contingent claims
such as the methods of Nelson and Ramaswamy (1990) and Li, Ritchken, and
Sankarasubramanian {1994).

}¥gee Appendix 7.
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Appendix 1. Spot Rate Process implied by the HIM
Framework

Using the fact that r(t) = fit, 1), the spot interest rate dynamics implied by
equation (3) is

! t

HtYy = fO,0+ / e, 8, £)ds + f wlw, 5, Ddz(s).

4] a

Differentiating with respect to ¢ results in the following specification for the dy-

namics of the spot rate,
dr+ l/&ﬂg“}d()}

} ’
T=t

From equation (2), cl{w, 1.1) = y(w, t, DMw, ). Therefore, the spot rate process
implied by the HIM framework is

dar(t)

ar, I dalw, 5, t)
5 dr + [/—___ar ds

+ e, 1, )dt + ¥w, t, dz(t)

a / ;
- {ﬁ |:f(0, T)+ / olw, s, Tids + / Y, 8, T}dZ(S}]

¢ 0
+ alw, 1, O)dt + ~{w, t, Ddz(t)
= [a(w,s, 0+ m ] dt + y(w, t, dz(z).
oT |1,

dar(ty = ['y(w, LDMw, ) + gg’—n

} ar+ v(w, t, Hdz(r). a
T=r

Appendix 2. Analysis of the HIM Framework Subject to a
Markovian Spot Interest Rate Based Paradigm

The term structure dynamics is defined by the system of equations {7) and
(8). Using equation (8), rewrite equatjon (7) as

Yr.t, 1’79( o)+ f(r, 4, T)

A1) AT / w(r, b, v)dy e &

1 8,1, T) )
27 00

where 8(r,t) = plr,t} — Mr, t)a{r,1). Further, from equation (8),

O (r,. Ty 0 [’y(r,r,T}]
—=5 = e |

(A-2) art o(r,n)
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Putting (A-2) into (A-1) and noting that a(r, ¢} = v(r, ¢, ) yields

T
_ y(nt,T) 3f(r,t, T)
(A'?’) 'Y(rs t! T)/‘Y(rs f, v)d"" - 'T(rqr f) 6( ) 3t
2 y(r, e, T)
'r( L)y — [’Y(P‘If)]

The term structure dynamics can be represented as follows by integrating equation
(A-3) with respect to ,

t

(A-4) f(r,t,T) = _/70’“9’?)9(,,,@(15_%/7(,, 5.5 )1 [ Kr, s, T}] s
0 ]

y(r, s, 5) ¥(¥, 5, 5)
¢ T
+/'y(r, 57T) l:/'y(r,s, v)dv‘ ds+f(r,0,T).
a s

The fact that r = f(r, T, T) implies

T T
(A-5) r = - / :{((:‘Z', :)) 6(r, s)ds — % / NN [1((:‘1'2] ds

ﬂr T

+ /fy(r, 5D /'y(r, s,vydv| ds +f(r,0,T).
0 s

Subtracting (A-5) from (A-4) provides the following representation for the term
structure dynamics,

T T
_ y(r.s,T) 1 2 8 [vrs.T)
B0 fonD) = / 100 IS / TS gy [fr(r . s)] &

T

- /'v(r,s,i’)

!

!

T
/'y(r, 5, v)dv] ds+r.

3

Equation (A-3) demonstrates that 6(r, ¢} can be defined in terms of the initial for-
ward rate curve and the forward rate volatility structure. Consequently, equations
(A-5) and (A-6) together detonstrate that the specification of the initial forward
rate curve and the forward rate volatility structure is sufficient to solve the system
of equations (7} and (8) to provide a unique f{r, ¢, T}.

Now, equation (8} implies that if a solution f(r, #, T) exists to the system of
equations (7) and {8), then it must be of the form,

_ f y(m,t, T) ‘
flr,1, Ty = / _’T ) dm+ g(t,T} for some appropriate g{t, T).
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The boundary condition f(r,t,£} = r for all ¢ implies that gz, T) is of the form
(. T) = — [ h(s, T)ds. Therefore, f(r, 1, T) must be of the form,

T

_ [meT)
(A7) fneT) = / T Lam / h(s, Tyds
a

t
for some appropriate h{t, T).

Note that equations (A-6) and (A-7) represent the same term structure dynamics,
therefore, the following equation must always hold,

(A-8) / 28, T)a(r $)ds + 2/')’(r nsP s [—(’"—S—T—)] ds+r

¥(r.5,5)
T r.0.T) T
_ KT,
= f ~r,s,T) / v(r,s,v)dv| ds + f ot t)dm f h(s, Tds.
! 5 i} f

Differentiating (A-8) with respect to t provides the following necessary and suffi-
cient condition for «y(r, ¢, T) to be an allowable volatility structure in a Markovian
spot interest rate based paradigm.

Condition CI. A volatility structure (r,2,T) is allowable in a Markovian spot
interest rate based paradigm if there exists a pair of functions 8(r, £} and (¢, T)
that satisfy the following equation,

_ om0 | [ameD)
¥(r, t, T}/’Y(?“ Lvydv = A 6, 1) b(r.) + It / “(m, 1,1} dm
/ 0
(0, T)
¥r. 1,1}

The following necessary and sufficient condition, which follows directly from
equation (A-7) evaluated at ¢ = 0, indicates which initial term structures are allow-
able for a given volatility structure satisfying Condition C1.

+HET) + = 7(”:)1 [

Condition C2. Given a volatility structure that satisfies Condition Cl, the corre-
sponding initial forward rate curve must be of the following form,

[ ymoT)
f(r! O! T) = / 'y___—(m, 0, 0) am+ k(T)
li]

where k(T} = — fOT h(s, T)ds far any valid A(t, T) in Condition C1.

Evaluating Condition C1 at T = ¢ shows that the structural form for (7, £) must be

/ ~m, t,T)

pm— — A1)

T=¢

a
(A-9) by = -5
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Consequently, equation {(A-6) shows that given an allowable volatility structure
¥, t, T), h{t, 1) defines the term structure dynamics. Therefore, to be able to fit
any initial term structure given an allowable volatility structure, it is necessary for
h(z, 1) to be arbitrary. I now determine if h(z, £} can be arbitrary for any allowable
volatility structure y(r,t, T}, and if it is, determine if I can fit any observed initial
forward rate curve ta the required form in Condition C2. This is the essence of
Theorem 1 and the proof is as follows.

Consider an allowable volatility structure {that is, Condition C1 is satisfied)
and the commesponding general A{t, T') for Condition C1. Given the functional form
for 8(r, t) in equation (A-9) and Condition C1, the following equation must hold,

wr &, T)
)

T
ht. D+ he,T) = vt T) / r, t, v)dv

r

_! 20 [yt D 0 fryim e T)
0TS, ['y(r,t,t)] o / e o
0
¥eT) | 8 f Y, 1, T)
Yoy 8] Amen d
a T=t
If hip(¢, T} is a particular A(t, T) for Condition C1, then
¥t T) _
{(A-10) h(t,T) By (h(t.0) — Bp(t. 1)) + hyp(e, T).

If y(r, t, T)/~(r, 1, 1) depends on r, then equation (A-10) can only hold if Az, T) =
hy(s, T}. Consequently, if an allowable volatility structure is chosen that is not of
the form £(t, T)y(r,t,¢t), where £(t, T) is some function of ¢ and T, then there is
only one h(t, T} for Condition C1. Consequently, &(T) in Condition C2 is uniquely
determined by the choice of an allowable y(r, ¢, T).

Further, if (r,t, T)/«y(r, 1, 1) does not depend on r, then, in equation (A-10),
there always exists a A(t, T') for any choice of (¢, t). Consequently, if an allowable
~(r,t, T) is chosen that is of the form £(t, T)(r,t, 1), then h(2,} is arbitrary. For
convenience, denote A{t,t} as (). To show for Candition C2 that any (T}, where
k(Q} = O can be obtained by an appropriate choice of ¢(t), proceed as follows. Fix
any particular A(t, T) for Condition C1, for example 4,(¢, T). From Condition C2
and equation (A-10), the relationship between k(T) and k(z, T} is

T T
KTy = / hp(s, T) — &5, THhp(s, s)ds + / £(s, The(s)ds.
0 0

Given k,(2, T) and £(¢, T), the abave equation is a Volterra integral equation
of the first kind for which there exists a unique ¢(s) for any choice of &(T') subject
to k(0)=0. O
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Appendix 3. The Bond Price Partial Differential Equation

From the specification of the spot interest rate process in equation (5}, the
bond price dynamics can be obtained by applying It6’s lemma to P(r, #, T), which
yields

8P, T) P Ty 18P0, T)
PR LA VRl R
8P(r,t,T)

[

olr, 1) dt

aP{r,t, T) = [
olr, t)} dzr).

Using the standard no-arbitrage condition for bond prices as in Vasicek (1977),
results in the following partial differential equation describing the term structure
dynamics,

aPr,, T) AP(r,t, T
(A-11) B [ulr, ) — A(r,Da(r, 0] + —a
2
* %___“a K Dotrif — Pty = 0,

where P(r, T, T) = 1. Differentiating (A-11) with respect to T, yields

PP, 1, T) 8P(r, 1, T)
{A-12) AT [(r, £) — Mr, Do(r,0] + T
L &P, T) ,  OP(nT)
*3 ararar OV T = O

Rearranging (A-11) and incorporating it into (A-12),

&P(r,,T) [_ap(r, £7) 18°P0ntT) (1) 4 PP T)]

aroT ar 2 o
BPr,t, Ty [*P(r,t,T)  18°P(r,1,T) » 0Pt Ty
A~ { aar T2 ararar 00N T =0

where P(r, T, T) = 1. This is the preference-free partial differential equation for
bond prices, which represents the term structure dynamics. O
Appendix 4. The Forward Rate Partial Differential Equation

The term structure dynamics is characterized by the system of equations (7)
and (8). Using equation (8), express equation (7) as

Sf(r.t,T) ., T) lazf(r,r,T)
ar POt Tt T o

T
Of(r, 0. T) o, 1) lf rai(_ra—_’:’—ﬂg(r, Hdv + Alr, I):l ,

(A-13) a(r, )

ar

!
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where f(r, t,t) = r. For ease of manipulation, rearrange (A-13) as follows

(A-14) gf-—(é;T) [,u,(r. t)y — olr, OMr, 1) — o(r, 1) / ofr.t, a(r, r)du:'

LU D 1P T)
Ot 2 ar

Partially differentiating (A-14) with respect to T yields

N T
{A-13) Qi&,r_,l") |Eu(r, 1y — a(r,)A(r,t) — ol{r, ) / %%'v)a(r, r)dv]

a(r, )} = 0.

oroT

of(r, . )2 e T) 1 8f(r 0 T) -
_{"(’"") ar ]* 5oT T2 arar C0 = O
Rearranging (A-14) and incorporating it into (A-15),
Ffrnt D) [_ofrnT) 18T - o
oraT a1 2 a7 oY
_¥enT) (e :)
ar ar
LA [T Ty 1 8f0tT) o] _
ar [ aoT T2 drarar CY| = O

where f(r,t,1) = r. This is the preference-free partial differential equation for
forward rates, which represents the term structure dynamics. 01

Appendix 5. Models with Volatility Structure Form
£(t. T)a(r, 1)

In a Markovian spot interest rate based paradigm, (r, t, T) = [8f(r,t, T)/87]
a{r,t), where o(r, t) is the spot interest rate volatility.

A. Vasicek (1977)

The madel in terms of forward rates is
feT)y = (=T 044+ o (1 =70 gm0
for constants ¢, £, 7.
Here, o(r, f) = g, consequently, the forward rate volatility structure is

¥(r,t,T) = e "T% for constants  and ¢.
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8. CIR (1985b)

The model, in terms of forward rates, is

282571 462657 -0y
5T ~1;+ 7
¢ (e5T-0 — 1) 426 [f2 (€375 — 1) +26]

fr,6T) = ¢ {

for some constants &,¢;, ¢2. Here a(r, 1) = g/, consequently, the forward rate
volatility structure is
4 62 eb'(T—t)

e, T) = a+/r for constants ¢, 8, 0.
(4 (67-0 — 1) +26)

C. Hult and White (1990) and Duffie (1992}

In terms of forward rates, Hull and White (1990) and Duffie (1992} only
consider term structure dynamic maodels of the form f(r, ¢, T) = C(¢, T) + D{t, T)r.
Given that w(r, £, T) = [3f(r,t, T)/3rla(r, 1), where a{r,t) captures all possible
spat interest rate volatilities, the form of the forward rate volatility structure is
~r,t, T) = IXt, T)o(r, )} for some appropriate function D(z, T).

D. HJM (1992)

The volatility structures considered are the constant (e, ¢, T) = g and expo-
nential decay v(w,t, T) = exp(—r{T — £)) o volatility structures. It is clear that
these canform to the structure considered in the example. O

Appendix 6. Solution to Equation {15)

To solve this equation, transform it into the following partial differential
equation,

O€(t, Ty 3¢, T) 3w T
ar teld onar ’
where £(¢,1) = 1. To solve this partial differential equation, let X(¢, T') = Ln[a(f)

£(t, T)], which transforms equation (A-16) into the reduction of Liouville's equa-
tion,

(A-16)  a(ew.T) = —&T)7 +e, T)!

82X, T)
AT

This partial differential equation, without the condition £{¢,¢) = 1, can be solved
by a Backliind transformation, which yields,

= exp{X(t,T)}.

2exp {a(T) ~ (6}

X(¢,T) = Ln )
T !

(f exp{a(s)}ds + fexp{—ﬁ(s)}ds)
Ty t

1
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for arbitrary functions a(T) and 3(t), and arbitrary constants Ty and #. Conse-
quently, £(z, T} is of the form,

2a(t)~'A(T)B
a(t)” A(T)B() for some constant K.

AT 0T = ;

T ‘
( [A(S)ds + | B(s)ds + K)
0 0

To determine the structure of £(¢, T') such that the condition £(¢, ¢} = 1 holds, let

t

cwy = f A(s) + B(s)ds + K.

0
Consequently,
(A-18) Bty = C{)—A@), where C'(t) = %
Therefore, the condition £(z,t) = | implies
AP — C(OAR) + “mf(‘)l = o,

and, consequently,

C'(t) + /T — 2a(t)C (D)
> .

Te guarantee that the discriminant in equation {A-19) is nonnegative, ensuring
only real soluticns for A(r), the following candition must hold

(A-19) Al =

(A-20) Wt 2 2a0Ce).

Incorporating equations (A-18), (A-19), and Condition (A-2(} into equation (A-17)
results in the fellowing solution to equation (A-16),

2A(T) (C'(5) — A(D)
T 2
ae) ( ST AGs)ds + C(r))

&1, Ty = for an arbitrary function €(f),

4 teEd 2
where A UL \/C (;)_ 2a(!)C(t)1
C@? > 2a()C@)?, and

acw

(e ts .
(¢) represen a
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Appendix 7. Ritchken and Sankarasubramanian Volatility
Structures in a Markovian Spot interest Rate Paradigm

This can be answered by determining when the following holds,

, T
2A(T3 (C @ - A(I}) 7 = exp| — / w(x)dx
alf) ( [ A(s)ds + C(:)) t

Differentiating both sides with respect to T and then dividing by exp(— LT K(x)dx)
implies
A(T) 2A(T)

- = &(T).
AM }A(s)ds+C(r)

For this equation te hold, then ff A(s)ds = 1(T) — C(t), for some appropriate
1(T). Differentiating both sides with respect to ¢ implies A{f) = C'(z}. To satisfy
this with respect to the class of allowable volatility structures (equation (18)),
A(r} = 0 (implying zero volatility) or a(t} = 0. Consequently, any spot interest rate
volatility that depends on the spot interest rate itself cannot have a forward rate
volatility structure of the Ritchken and Sankarasubramanian form in a Markovian
spot interest rate based paradigm. O
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