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Options on the Maximum or the Minimum of Several
Assets

Herb Johnson™

Abstract

Using an intoitive approach that also provides new intuition concerning the Black and
Scholes equation, this paper extends the results of Johnson and Stulz to the pricing of
options on the minimurn or the maximurm of several risky assets.

I. Introduction

By laborious calculation, Johnson [9] and Stulz [15] independently derived
prices for options on the maximum and the minimum of two assets. This paper
presents a simple, intuitive way, using the Cox and Ross [3] approach and a trick
based on a device used by Margrabe [10], to write down the solution for the
general case of an option on several assets. The result could be useful for pricing,
among other things, currency option bonds, portfolio insurance, and the quality
option in commodities contracts (see [6]).

In the next section, we first illustrate the procedure for the Black and
Scholes equation, thereby obtaining some new intuition about this equation, and
then develop the equations for calls on the maximum and the minimum. Section
HI s a summary.

Il.  The Pricing of a Call on the Maximum or the Minimum

First consider the Black and Scholes {1] equation, We can write the solution

as
¢ = SN(d,) - Xe”"N(a,),
log SIX + (r_%a’)r
where af2 = .
aff
d =d, +afT,

* Graduate School of Administration, University of Catifornia, Davis, Davis, CA 95616. The
anthar wishes to acknawledge useful comments from R. Castanias, P. Boyle, W. Margrabe, W.
Bailey, J. Ingersoll, C. Smith, R. Swlz, and an anonymaous JFOA referee.
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N(x) is the standard cumulative normal, and ¢, S, X, r, ¢2, and T are the call
price, stack price, exercise price, risk-free rate, variance of the rate of return on
the stock, and time to expiration, respectively. Now, using the Cox and Ross
approach, N(d,) can be interpreted as the probability (in a risk-neutral world) that
the call will be exercised, i.e., the probability that §*, the stock price at expira-
tion, will be greater than X given that the stock price is S taday. In the Cox and
Ross approach, we ordinarily come up with N(d,) by taking the expectation of S*
far $* > X, changing variables, completing the square, ete., until the desired
farm is obtained. However, if we use a trick based on a device first introduced in
Margrabe [10], the N(d,) term can be written down immediately. A call option
can be thought of as an option ta exchange cash for a common stock. Thus, it is
like Margrabe’s aption to exchange one asset for another. Hence, it can be
valued by a change in numeraire, just as in Margrabe's case. In our case, we use
the stack price as numeraire. (Note that Garman and Hawkins [5] used this same
approach with regard to currency options.) The call price measured in units of the
stock price looks like a European put on a risky asset with current price x =
Xe —*T/8, with unit exetcise price, and a zero interest rate,

c '] 7]
G =1 -N(-di) - xN(—dl),
log x — %UQT
where d; -
ol
and d| = dé—kcrﬁ‘.

In this world, the stock price measured in units of itself is just the risk-free asset,
with a zero return. By [to’s lemma,

% = (r—|.L+0'2)dI - odz ,

where t = —T is calendar time. Thus, the variance of the rate of retum on x is
just o, In the Cox and Ross approach, we replace the drift term, r— w+a 2, by
the risk-free rate, which, in this case, is zero. Thus, N(d|) = N(—d) is just the
risk-neutral probability that this put will be exercised. Not only do we have this
intuitive interpretation of N(d)), but, had we not known this factor, we could
have written it down without going through any laborious calculations. While
Smith [14] has noted that Boness [2] had a probability interpretation for N(d,),
Boness evidently still had to do all the computations to find N(d,). These compu-
tations become extremely laborious when there are many possible exercise dates
or many underlying assets. It should be noted that Merton ([11], [12]) also recog-
nized the usefulness of the fact that an option price is generally linearly homo-
geneous in the stock price and the exercise price. We next apply our procedure to
value calls on the maximum and the minimum.

We make the usual perfect market and European option assumptions. Con-
sider n assets with current prices §,, §4, . .., §,,. We assume that each asset price
follows geometric Brownian motion and that there are no dividends.

Consider a call on the maximum of the »n assets with exercise price X and
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time to maturity 7. Then, by the Cox and Ross [3] approach, we know one term
in the expression for the price, ¢, of this call must be the negative of the
discounted exercise price multiplied by the probability (in a risk-neutral world)
that at least one of the asset prices will be greater than X. Hence, one term is

—Xe "[1 - Prob (S¥,55, ..., S5 < X)],

where asterisks denote values at maturity. This probability expression is simply

1-N,(=dy(S,.X,07), = y(S,.%,03), ... —dy(5,.X,00),p13.015: - ),

log Iy (r—laz)T
. 2 X 2
where, in general, dz(s,x,cr ) = ,

alf

N, is the i-variate standard cumulative normal, o2 is the variance of the rate of
return on the ith asset, and p;; is the correlation coefficient for the returns on the
ith and jth assets.

We still need to identify the positive terms in the expression for ¢,,. We
identify each of these terms, one by one, using a change of numeraire. Using the
ith asset as numeraire means that we measure ¢, in units of §;, the ith asset
price, i.e., divide by S, Then the call on the maximum in units of §; is trans-
formed into a complex security that consists of (1) a European put with unit exer-
cise price, where the put is exercised by sumendering a risky asset, the current
price of which is x; = Xe ~*7/§,, provided

S* = max §*,
‘ i=ind
(2) an option to exchange the risky asset for S5, provided
S§‘= max 5%, ...,
ji=ln i
and (n) an option to exchange the risky asset for 8, provided
§* = max §¥% .
" j= L.

In this transformed world, the interest rate is zero. The point of making this
transformation is that we can immediately identify the positive term in the put as
the risk-neutral joint probability that x* << 1, §FS* < 1, ..., §¥5* < 1. Thus,
this term, which, when multiplied by S, is the ith term in the expression for ¢,
can be written as

Nn(_dé(xf’l’“f)’_dé(sl’S;"Uff)’ e _d’é(Sn’S:"Gif)’pflf’pﬂi’ ) ’
or, equivalently, as

Nn(dl(se’x’“f)’di(svs1’“fe)’ R d;a(Si’Sn’Uii)’pilé’péli’ ) ’
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where primes indicate that the interest rate is set to zero, where, in general,

2 2 2
ay = T ~ QpQ.UI.crj + o,

and where the correlation coefficients are to be determined. Thus, we can iden-
tify each of the positive terms in the expression for ¢, as the ith asset price
multiplied by a probability term defined in terms of various ds. We therefore
have

Coax = San(d1(S1*X’“;;)*di(svsz*“?z)* e
d;(Sl,Sn,cfn),pm,pm, )
O + SN, (4, (85, X.07),4; (8,,8,,00,)s .
4 (Sz’sn ’“in)’pzlz’pzza’ - )
+ ...
+ S,N,(4(S,.X.00).41(S,.8,0,),
d’i(sn’sn—l’Uinln)’pnln’pnln‘ )

R (8, %) (5, K.

— dz(sn,X,cr:) Pp2:Ppar - )) ’

i
, lOg .STJ + EUUT

0-1}' JT

and where the triple indexed correlation coefficients are found as follows. We
have

(2) where

S*
& Cov (log 87 .log S_;") Var(log S[*) — Cov (log §F,log Sj")

2
= 0} — 09,9,

But the left-hand side can also be defined as 0,0 p,;. Thus,

F. — p.d.

= g i

) Py = —. -
if

* *
- 3 ' 2
Similzrly, Cov(log Ei;,log E’;) = 0] — 00,0, — 0,0,0, + 0, 0,0,,
i

2

g, - po0 —p, 00 + 0,00

(3) sothat Py = { g iy i
Oy T
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Tilley and Latainer [16] state an equation resembling (1). However, they leave
the factors multiplying S, ... , S,,, and Xe ~"T undefined.
For n = 2, the expression simplifies to

Crax = SLNz(dl(SwX’“T)’d;(SI’Sz’cfz)’pm)
(6) + SzNz(d1 (SI’X’Gg)’d,I (Sz ’Sl’afz)’pm)

- Xe_ﬂ"(l - N2(_d2(sl'x’“%)’ - dz(sz’xﬁc’i)’plz)) .

which is consistent with the equations in Johnson [9] and Stulz [15], correcting
for the typographical error in equation (11) of Stulz (¢ 27 should be o 21).
Similarly, for the option on the minimum we have

Coin = San(dl(Sl,X,O'T),—di(Sl ,SZ,G'%), AU

_d;(sl’sn*“h)*—pm’_pm’ coes Prgas )
@ + SN, (d, (85, %,0), = 4y (8,8, 0h,) - s
'd;(sz*‘gn’“in)"pm*'pm’ EEIUTER )

+ ...
+ SN, (d,(S, . X.00), = d)(8,.5,.07,), -
_di(Sn’sn—l’cri—in)’-_pnin’pnln’ e 1Py )
- Xe” TN, (d,(S,,X,0Y) ., (S, X,03), ..,
dy($,:X.00) Py Prys - ) s
which for n = 2 reduces to
Cain. = SNy (d,(S).X.07), =4 (8,,5,.07,) - 0))
(8) + SzNz(d.l (SZ,X,cri),—d[ (S2 ,Sl,crfz),—pﬂz)

— XeTTN,(dy(5), X074y, X,33).015)

which agrees with the corrected version of equation (11) of Stulz.
Nate that there is linear homogeneity in that

_ S acmax S acmax + Xacm&x
O fmax T T1gg ks X
n

and similacly for ¢,,;,. Also note that while ¢, decreases as more assets are
added, ¢, increases and can have a very large value. Consider, for example,
thecase §;, = §, = ... = §, = X and T very large. Then the d; terms for ¢,
are very large while Xe T is very small. Thus, c,,, approaches
S +S,+...+85,. If one had a thousand-year call on the maximum of all the
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stocks on the New York Stock Exchange, this would mean obtaining the best
performing stock for an exercise price that is negligible in present value, and,
provided no pair of stocks is perfectly positively correlated, the value of awning
all the others together would very likely be small compared to the value of that
best performing stock. In fact, forn = 2,8, =8, =X =40,r=0.1, 0, = 0,
=03,p=035andT = 1, 10, and 100 years, we aobtain ¢, = 9.96, 40.54,
and 74.65, respectively. Finally, note that the n = 2 identity, proved in Stulz
[15] and Johnson [9],
(10) Coax + Cui = (51:X) + ¢(8,.%) ,
where ¢(S,;,X) is an ordinary call on §; with exercise price X, can be extended to
the general case by introducing calls on the second best, third best, etc.

Puts can be handled in the same way. See Geske [7], Geske and Johnson
[8], and Schervish [13] for numerical methods for evaluating the multivariate
normals. See Dothan and Williams [4] for a different application of complex
aptions.

i, Summary

This paper develops equatiens for the prices of calls on the maximum and
the minimum of several risky assets. The equations reduce to the results of Stulz
[15] and Johnson [9] when there are only two assets. The technique used in this
paper not only provides more intuition about the Black and Scholes equation, but
can also be used to derive other results, such as those in Geske and Johnson [8],
in a simple way.
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