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An Equilibrium Model of Bond Pricing
and a Test of Market Efficiency

Michael J. Brennan and Eduardao 8. Schwartz

In two previous and related papers {13], [4]), the authaors have re-
ported the results of estimating a particular equilibrium model of bond
pricing using quarterly data on Canadian government bonds for the period
1964 to 1979. This paper reports the results of applying a similar model
to the pricing of U.S. government bonds for the period 1958-1979 using data
from the CRSP Government Bond File. The paper also extends the previous
empirical analysis by evaluating the ability of the pricing model to detect
underpriced and overpriced bands: the data reveal a strong relation between
price prediction errors and subsequent bond returns.

The hond pricing model Ts described briefly in the fallowing section:
it relies on the assumption that there are only two independent stochastic
factors which determine band prices and, therefore, the shape and position
of the yield curve at any point in time. Then, n the spirit of the Optian
Pricing Model ([2], [11]} and Arbitrage Pricing Theary {1131), this assump-
tion s shown to imply restrictions on the relative rates of return of bonds
of different coupon and maturity. These restrictions take the form of a par-
tial differential equation which must be satisfied by the equilihrium values
of all default-free bonds. Solution of this equation yields bond prices,
and, therefore, the term structure of interest rates or yield curve, in terms
aof the underlying factors or state variables: in the present paper, thase
annoﬁh state variables are replaced by two Tnterest rates, the short rate

and the consol rate.

Both authors, University of British Colwmbia. The authors gratefully
acknouledge financial support from the Tnatitute for Quantitative Research
in Finance, and thank Bruce Dietrich-Campbell for computer programming
asaistanea.
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Since the coefficients af the differential equation depend upon the para-
meters of the stochastic process for the underlying state variables, these
parameters must be estimated before the model can be implemented. This task
is undertaken Tn Sectian Il which also reparts the results of estimating the
single, utility function dependent, market price of risk parameter which
enters the model. In Section 11/, the ability of the model to mszke predic-
tions of bond prices and yields is evaluated and evidence is found of an
omitted ''third factor' which affects hond prices: this finding 15 congruent
with those of the above-mentioned Canadian study. Section IV compares the
predictive performance of several different rules far forecasting bond re-
turns conditianal an forecasts of the exogenously determined state variables.
The final section of the paper relates the bond pricing errors to subsequent
bond returns. A strong relationship between pricing errors and bond returns
is found even outside the sample perind over which the pricing model was
estimated. Whether or nat this is Interpreted as evidence of market [nef-
ficiency and a profit opportunity will depend upon one's belief in the ade-

quacy of the underlying equilibrium mode! and the accuracy of the price data.

I. The Bond Pricing Hodell

It is assumed that the prices of all default-free bonds at any moment
in time may be expressed in terms of the values of two, possibly unknown,
stochastic factors, U and Uy which fallow continuous sample paths. Thus,
the price of a bond with a continuous coupon rate ¢, face value of unity and
maturity 1, can be written as G(u],uz,r,c}.

The instantaneously riskless interest rate, the ''short rate,” is the

yield on the currently maturing discount bond and is defined hy

-1n G(u],uz,T,O}

{1) r{u, ,u,) = lim
1°72
0 T

Similarly, the "caonsol rate' is defined as the yield on a bond whose

maturity is infinite

<

(2) glugu,) = AR T

If equations {1} and (2} can be inverted and the state variables Uy and

Uy expressed as twice differentiable functions of the potentially abservable

IA more camplete description of the model may be found in [3].
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interest rates, r and &, then, as pointed out by Cox, ingerscll, and Ross [6],
band prices may be expressed as functions of the proxy state variables r and
%, and the value of any default-free bond written as B(r,f,7;¢): in what
follows, it will be convenient to suppress the coupon rate argument and to
write the bond value simply as B{r,2,1).

The price change on a bond aver any short interval of time, and, there-
fore, Tts rate of return, will depend upon the corresponding change in the
state variable proxies, r and &. These are assumed to follow a stochastic
process of the general type

(3} dr = g (r,2,t) dt + n](r,i,t} dz

1 |

de = B (r,2,t) dt + n. {r,8,t) dz

2 2 2

where t denotes calendar time, and dzl and d22 are increments to a standard
Wiener process, so that E[dz]] = E[dzz] =0, E[dzIAdzzl = pdt and E[dzf] =
E[dzi] = dt; p 15 the instantaneous carrelation between the processes.

It then follows from lto's Lemmz [10] that the instantanecus return on

a bond is given by

B B
dB + ¢ dt r _i
(%) g =W dt + M dzl + ) d22
where

2 2
(5) 0= (Brﬁl + BE.BZ + 1/2 El’r r;l + 1/2 BEE nz + Brﬂ.pnlnﬁ B’L‘ + C)/B
and subscripts denote partial derivatives.
Since the instantaneous returns an all default-free bonds are by assump-
tion from equation {4) perfect linear functions of the two stochastic incre-

ments dz, and dz the absence of arbitrage possibilities can be shown to

| 2’
imply
a] B
- _r 4
(6) BTSN M ™
where A] and 12, the market prices of shart-term and consal rate risk respec-

tively, are at most functians of r, 2, and t. The important aspect of condi-

tion {A) is that XI and Az

stant in time. Recognizing that u s the expected instantaneous rate of

are the same for all bonds at any particular in-

return on the bond, it is seen that {6} expresses the risk premium as the sum
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of twe components which depend an the sensitivity of the bond return to
changes in the short and consol rates, respectively: the correspondence
with Arbitrage Pricing Theory is apparent.

The value af a consol bond paying a continuous coupon at a rate of $I
per period is B{r,&,=;1) = R_], and its derivatives with respect to r and &
are readily computed. Substitution of these derivatives far the consol band
into {58) and () yields the following expression for the market price of
consol rate risk:

2 2
{7) 12(r,£,t) ===+ (52 -5+ rg)/nz'

Finally, substitution for pf+) from (5) and for Az(‘) from (7) into the
equilibrium condition {6) yields the following partial differential equation

which must he satisfied by the value of all default-free bonds:

2

2
/28 .y *8 5 "2

1 g OMyny T /28,

+ B (g=ymy)
+ B (n2/£ + 12 -rt) -B +¢-Br=20
202 T )

The bond value must alsa satisfy an appropriate boundary canditian de-
termining its maturity value, B(r,2,0). MNote that it is not actually neces-
sary ta solve this equation more than once in order to value ail straight
defaul t-free bonds, for 1f the equation is solved with B(r,2,0) = 1 and c=0,
the resulting values of B(r,%,r) will be the values of discount bonds with
par value of unity, or discount factors which give the present value of §I
due in tr periods when the current shart and long rates are r and £, respec-
tively. By applying these discount factors to the promised payments on any
straight default-free bond, its model value may be calculated directly. |If
the bond contains aption-like features, such as call, retraction, or exchange
provisions, then it also may be valued using equation (8) by appending the
appropriate boundary conditions which define its payoffs. |In this paper, we

are concerned only with straight bonds.

Il1. Model Estimation

The coefficients of the partial differential equation (8) depend upon
four functions which derive from the stochastic process for r and &: ﬂ], mys
Ny and p. They also depend upon h](-), the market price of short-term
interest rate risk. We shall take up first the estimation of the stochastic

process and then the estimation of A](-).
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A. The Stochastic Process

The specific form of the stachastic pracess (3} which was assumed for pur-
poses of estimation was

dr

(a] + b](i-r)) dt + ra, dz,
(9]

di = #f{a, + b,r + ¢ 2) dt + 2 g. dz..

2 2 2 2 2

This formulation presupposes that the scale of the unanticipated incre-
ment in each of the interest rates is propartional to the current value of
that rate, an hypothesis which is tested helow. The coefficient of dt in the
short rate equation reflects the essence of expectations-based theories of
the term structure, which is that long rates are based upon expectations about
future short interest rates: if such expectations are rational, the short rate
will have a tendency to regress towards the current value of the long rate so
that bl>0. The coefficient of dt in the consol rate equation was obtained hy

treating A,(-}, the market price of cansol rate risk, as a linear function of

2
r and &, and solving equation (7} far 82(-}; it should be observed that 82(-]
does not enter the partial differential equation and hence does not affect

bond prTces.2 It may be noted also that if a, <0, this formulation allows

the possibility that r may become negative, a]circumstance that is theore-
tically unacceptable if money exists. Despite thié, the above farmulation
was retained in view of its empirical tractability, and it should be regarded
as a linearized approximation to the true stochastic process: our interest
hare is not in the stochastic pracess per se but in the predictive ability
of the band pricing model which results from it.

For empirical purposes, the system {9) was replaced by the discrete

approximation:

r, = r a £
: r el r L+ bl (rt - - D+ fie
t-1 t-1 t-1
{10)
[ )
t t=1
D T A TS

This system of equations was estimated using monthly data on interest

rates from the CRSP Gavernment Bond File for the period December 1958-December

2This is analogous ta the standard result in the option pricing litera-

ture that the value of an option daes not depend on the expected rate aof re-
turn on the underlying stock. See Appendix in [3].
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1979. r was taken as the annualized yield to maturity {percent) on the U.5.
Government Treasury Bill whose maturity was closest to 30 days on the last
trading day of each month. The consal rate, &, was approximated by the annual-
ized vield to maturity on the highest-yielding U.S. Gavernment Bond with a
maturity exceeding 20 years; if no such bond was available in a particular
month, then the highest-yielding bond with a maturity of more than 15 years
was used instead.3

The system was estimated using an iterative Aitken {|] procedure which
vields the maximum likelihood estimator [7]. The parameter estimates for
different subperiods are reported in Table | along with some diagnostic sta-
tistics. We observe first that the estimated value of ay, al thaugh predomi-
nantly negative, is small, less than 0.2 percent in absolute value., Combining
this with the estimate of bI of about 0.1, it is seen that the change in r at
r=0 will be positive so0 long as the cansol rate exceeds about 2 percent. It
is to be hoped, therefare, that the misspecification which allows negative
values of r will have only slight consequences for bond values.

The estimated values of a, and a, for the two half-periods are quite
similar; an the other hand, the correlation coefficient estimate exhibits
much less stabllity. In the consol rate equation, the estimates of b2 and

¢, are of opposite sign and approximately equal magnitude: this confirms

Sﬁiller's finding [14] that when long rates are high relative to short rates,
they tend to move down in the subsequent periad. The estimates of 2, and b]
in the short-rate equation are of potentially greater importance far the bond
pricing model since they enter directly into the partial differential equation:
the instability of the estimates between the two halves of the sample period,
therefore, has potentially serious consequences far the model: these conse-
quences will be explored belaw.

If the joint stochastic process for the two interest rates (9} was cor-
rectly specified, the disturbances in the two equations {10} would be serially
independent. Table 1 reports the serial correlations of the errors from the
two equations as well as Durbin's [8] h-statistic: the latter takes account
of the effect of the presence of a lagged dependent variable and is normally
distributed for large samples. The errors from both equations are negatively
serially correlated; the correlation is statistically significant for the

shart-rate equation hut appears to be confined to the first half of the sample

3The highest-yielding bond was chasen to mitigate the problem posed by
Uflower” bonds whose yields are distorted {bid down) on account of the privi-
lege they offer aof redemption at par for payment of estate duty.
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period. The negative serial correlation found in these data contrasts with a
finding of positive serial carrelation of similar Canadian data [4], though
the Canadian data were quarterly rather than monthly. Ignoring measuremant
error, serial carrelation of the errors from the estimated stochastic process
suggests either that the functional form of the stochastic process is mis—
specified, or that the current values of r and & are not sufficient statistics
for the joint distribution af future values of r and &, and that, therefore,
if the true procesas is to be estimated in Markov form as is necessary far the
derivatian of the partial differential equation, then at least one additional
state variable must be introduced.q On the ather hand, negative serial corre-
lation is symptomatic of measurement errors. In Section IIl, we shall say
more about the existence of state variables in addition to r and £.

The assumption that uf and n, were propartional to r and { was tested
using a procedure suggested by Park [12]: the logarithm of the squared errar

was regressed on the logarithm of the corresponding interest rate.

I
=]

In Eft = + Yy In r

t-1
{11}
Ing2 =4, +v, In#
P Tt -1
Under the null hypothesis that the process is correctly specified, Y and 2
will be equal to zero: the estimated values are shown in Table 1 and, at

jeast for the total sample period, the null hypathesis is not rejected.

B. Estimation of Al(‘}

Al(-), the market price of short-term interest rate risk, was assumed ta
be an intertemporal constant for purposes af estimation. The details of the
estimation procedure are reported elsewhere {[5], Appendix A}. The principle
employed was to solve the partial differential equation {8) with ¢ = 0 and
boundary condition B{r,2,0)=1 using a numerical procedure. The resulting
present value factors were used to value the bonds represented each month on
the CRSPF Government Bond File, and the estimated value of A] was that which
minimized the price prediction errers. A generalized least squares procedure
was employed to take account of serial and contemporaneous correlation of the
errors. To implement this procedure, all of the bonds to be valued each month

were assigned to one of ten basic portfolios according to maturity, portfolio

I'Strictl;,r speaking, it would still he possible to derive the partial
differential equation if there were additional state variables so long as they
affected only Az(-).
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7 {J=1,...,10) consisting of all bonds whose maturity fall between {j-1} and

I years: within each of the basic portfolios each bond received equal weight.
Bonds whose maturity exceeded ten years were ignored in the estimation because
the paucity of observations far the longer maturities posed problems for the
estimation of the variance-covariance matrix.

The ardinary {nanlinear) least squares estimator which minimized the
squared monthly price prediction errors for the ten basic portfolios was formed
and the resulting errors ware then used to estimate the variance-covariance
matrix for the generalized least squares estimator.

Estimates of l] were abtained using two different sets af parameters
from the stochastic process in the partial differential equation: those in
Panel A of Table 2 were derived using the parameters of the stochastic process
estimated over the whole sample periad, the different estimates in this panel
depending on the sample subperiod over which bond price predictions were made.
The estimate of xl in Panal B was obtained by pricing bonds aver the first
half of the sample period relying on parameter estimates of the stochastic
process which were aiso obtained from the first half of the sample period.

We shall refer to this model which was derived using only data from the first
half of the sample period as the '"first-half' estimatar, and its performance
aver the second half of the sample period will be evaluated in Section IY.

It should be clearly recognized that the estimates of X, presented in

|
Table 2 were derived treating the parameters of the stochastic process as
known rather than as estimated. This means, of course, that the standard
errors are misstated, and it is the difference in the stochastic process para-
meters which accounts in substantial part for the difference between the esti-

mates af ), for the period December 1958-June 1969 repcrted in Panels A and B.

k) enters lhe partial differential equation {8} only as part of the term
(Bl - klnl) and it is to be expectgg, therefare, that different estimates of
the drift functiaon s] will tend to be offset by differences in the resulting
estimates of &, . This effect is illustrated in Table 3 which shows that,

1
despite the large differences in the estimates of A, for December 1958-June

|
1969 obtained using the different stochastic process estimates, the coeffi-

cients of r in the term (8] - l]n]) are quite similar.

I1l. Bond Price and Yield Predictions

The differential equatian {8) was solved with ¢=0 and boundary condition
B{r,s,0)=1 using the estimates af the stochastic process parameters and A]
which were cbtained from the whole sample period: these are the parameters

given in the first lines of Tables 1 and 2. The resulting present value
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factors were used to price all outstanding bonds5 with maturities up to 20
years far the last trading day of each month of the sample pericd. The root
mean square price prediction error is reported in the first line of Table 4
which is constructed on the assumption that each bond has a par value of $100.
A predicted yleld to maturity was also calculated based on the predicted bond
price, and the root mean square errar of this predicted yield is also reported.
The balance of the table reports the prediction errars for December of each
year of the sample periad: it is apparent that there s considerabie inter-
temporal variation in the predictive abiiity of the model, although it is en-
couraging to note that there is no tendency for the model error to grow sys-
tematically with time.

While the errors reported in Table 4 are from within sample predictions,
Table 5 repoarts the errors from using the first-half estimator to predict
bond prices in the second half af the sample period. As one would expect,
these out-of-sampie prediction errars are somewhat greater—--roughly twice as

great as those of the within-sample predictions.

I¥. Model Error Analysis

If the assumptions of the valuation model discussed in Section | were
correct and if AI were truly an intertemporal constant, then the price pre-
diction errors would be serially and cross-sectionally independent. Table 6
reports both the serial correiations and the contemporaneous correlations of
the pricing errors for the ten basic portfolios over the whole sample period.
Their systematic nature points either to an Tncorrect functional form for the
model or to the amission of relevant state variables in addition to thase
represented by r and %. The choice of an incorrect functicnal form for the
joint stochastic process {1) ar for A], which was assumed to be a constant,
would lead to pricing errors which were systematically related to r and 4. We
have already adverted to the possible existence of omitted state variables in
refation to the serial correlation of the errors in the estimated stochastic
process of r and &.

To gain further insight into the causes of the price prediction errors,
they were factor analyzed. The factor analysis model assumes that the errors

upt(p=|,...,10; t=1,...,253) may be expressed as

(12) oe T Mok Fie T %pe

5

Excluding flaower bonds.
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where hpk is the loading of the error from portfolio p on factor k, fkt is

the factor score in period t, and ept is a residual error which is serially
and cross-sectionally independent.

The factor analysis revealed only one important common factor which
accounted for B6.7 percent of the total variance and had a serial correlation
of 0.92; the second factor accounted for a further 7.8 percent of the variance.
Factor loadings on the first factor for the ten basic portfolios are given in
Table 7.

To assess whether the errors are due merely to an incorrect functional
form of the model, the factor score was regressed on the contemporaneous
values of the proxy state variables r and L. While the ordinary least squares
regression suggested a strong relation {Table 8), after adjustment for serial
correlation the factor was found to be related only to 4, This is consistent
with some misspecification of the functional form; however, the large unex-
plained component in the factar score suggests also the omission of relevant
state variables.

If a state variable which has been omitted is to be relevant to bond
pricing, Tt must be that it affects one of the elements of the model which
has been assumed to be independent of any state variables except r and £&;
the candidates are the elements of the joint stachastic process (3), Brs My
(i=1,2) and p, as well as R], the market price of short-term rate risk.

It s not possible to test whether 1] iz related ta the factor score
and, hence, an omitted state varlahle, since we have no period-by-period
estimate of l]. However, we can test whether the drift terms of the process,
SI(T=],2)3 are related to the factor by reqressing the errors from the re-

gressians {10) on the lagged factar score:

(13} Erp = hpp + g feny (im1,2)0
The results reported in Table 9 fail to reveal any significant relation, and
it does not appear that we have last anything by representing expectations
about future values of r and & solely in terms of thelr current values.
However, further analysis suggests that the factor does appear to be associated
with uncertainty about expected future interest rates.
To test whether the state variable is affecting interest rate uncertainty

. . [
as represented by 55 and g, which were taken as constants i(n the model, the

2
logarithm of the squared errors from the regressions {10) were regressed on

the logarithm of the squared lagged factor score:

See equation (9}.
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(18) in g2 =k, + k. In F2_ (i=1,2).

The results reported in Table 10 allow us to reject the null hypothesis that
the variance rates are independent of the factor score. Thus, the valuatien
model is misspecified insofar as it assumes ceonstant rather than stochastic
variance rates. 0On the other hand, it should be recalled that the model was
fitted over 20 vears, a very long period to assume parameter stationarity,
and the very high serial correlation of the factor score suggests that our

two-factor model may vet be quite adequate over short periods of time.

Y. Conditional Predictions of Returns

Ta gain insight into the ability of the valuation model to predict
changes in bond prices canditional on changes in r and ¢ with and without a
factor score adjustment, rates of return were calculated for each month from
December 1958 to December 1979 for each of the ten basic portfolios: each
portfolia {p=1,...,10) consists of all taxable bonds with a time to maturity
aof between p and (p-1} years at hoth the beginning and end of the month under
consideration. These rates of return were compared with the predictions of
four different rules which are based on the valuation model.

Under the first three prediction rules, the valuation model used to
yield a prediction of the future value of the portfolia and the predicted

rate of return i(s defined by

(]5) Rpt = (th * Cpt - ypt'l}ypt-l

where cpt is the aggregate coupon payment far the menth, and ypt-l is the
actual value of the portfolio at the end of the previous month. The first

three rules differ in the way vy the predicted value of the portfolia at

pt’
the end of the current manth, is calculated.

Define B (r ,%. )} as the model value of portfolio p at the end of month

pt’ t’t
t conditional on the values of r and &. Then
Rule 1: B {r ,2.}).

Yot = Sprtlttte
This rule assumes that the current price prediction error will be
eliminated by the end of the month.
H =B + .
Rule 2 ypt pt(rt’ﬂt) ppupt-l
This rule recognizes that the price prediction errors are serially cor-
related and adjusts the madel prediction by the serial correlations reported

in Table 6.
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Rule 3: Yor = apt(rt,gt) + hpft.

This rule adjusts the model value using the actual factor score which is
Ltreated as a state variable like r and 3.

Rule 4:
-1’ the actual value of the
portfolio, is replaced by its model value, Bpt-l(rt-l’ﬁt-l]' The predicted

This is identical to Rule 1, except that yp

rate of return s thus the same as the model rate of return conditional on
the change in the state variables,

The Root Mean Square prediction errors for the faur rules are reported
in Table |l. Rule |, which assumes that the pricing error will disappear in
one month, performs the worst, warse even than the naive rule that the expected
rate of return is Constant?; this is nat surprising in view of the previously
noted persistence of the errars. The perfarmance of Rules 2 and % is approxi-
mately the same, although the former relies on assumed knowledge of the serial
carrelation structure of errors and the latter ignares the pricing errors al-
together. Only Rule 3 which presumes knowledge aof the factor score performs
significantly better, and then oniy far portfolios with wmaturities longer than
five years.

In summary, it appears that the factar scare is of very great impartance
in predicting absolute bond prices--compare Rules 1 and 3. 0On the other hand,
it is of very littie importance in predicting rates of return because its

serial correlation 1s so high--compare Rules 3 and 4.

Y1, Price Prediction Errors and Bond Returns

To this point, we have examined the price prediction errors of the valua-
tion model under the Implicit assumption that they were attributable entirely
to deficiencies in the vaiuation model itself, rather than to market ineffi-
ciencies which would imply the existence of profit opportunities, or even to
errors in the price gquotations which would imply the existence of apparent
profit oppertunities. In this section, we take the opposite viewpaint and,
treating the pricing errors as possible manifestations of market inefficiency,
we test whether they are related in any systematic fashion to subsequent bond
returns. Since the issue of market efficiency is a vexed one, we do not wish
to be dogmatic about the implications of our finding of such a systematic
refation. Within the context of our equiiibrium model, this finding does

imply market inefficiency. This is not to say, however, that other valuation

?The RMSE for this rule is given by the standard deviation of returns,
assuming that the mean [s known.
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madels do not exist which would account for this anomaly, or even that the
phenamenon is not due merely ta the quality af the price quotations.

The discrete time approximation to the exact expression {4) for the in-
stantaneous rate of return on a bond is

(16) R. = E[R.]) + S, .42, + &, A7
] i i

1 1 2j7"2

where the subscript ] denotes the particular bond, Rj is the one-period rate
of return, ﬂZ] and A22 are the {standardized) unanticipated changes in r and
; = Brn]/B, SZj = BQ”Z/B‘

The corresponding discrete time approximation to the equilibrium condi-

1, respectively, and 51
tion {6} is

(17) E[Rj] - r = X, 5,. + 1.8

1715 272j
where E[Rj] is the one-period equilibrium expected return on the bond8 and r
is the one-period riskless interest rate.

Combining equations (16) and (17} we obtain

(18) R. - r = (x

] Pt ﬂZ])SIJ + (a

, t azz)szj.
Motivated by equation {18) the regression model estimated each month t

was

(9 Rie ™ "¢ = % 31¢Sige t factape T 3 e T St
where Ejt is the price prediction errar far bond j at the beginning of month
t under the null hypothesis of market efficiency 33t=0. This hypothesis was
tested by constructing the means of the time series of the coefficients of
equation {19} and calculating the t-statistic in the manner first suggested
by Fama and MacBeth [9] in a related context. The results are reported in
Tables 12 to 15.

in Table 12, the valuation error Ejt was constructed from parameter esti-
mates obtained from the whole sample period and the regressians (19) were esti-

mated using all taxable bonds with maturities up to 20 years. To control for

8The values of L, estimated in Section || presuppose that the unit of
time is one year. Therefore, if the rate of return in (17) is measured on a
monthly or quarterly hasis, the value of x, in {17) would be ane-twelfth or
one-quarter of the value reported above.
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possible misspecification of the valuation model, the coupon rate (COUPJt)

and maturity (MATjt) of the individual bonds were included as independent
variables in some of the regressions. The left half of the table reports the
results ohtained when bond returns were calculated on a monthly basis; the
right half of the table reports results obtalned using quarterly rates of
return. In either case, the Independent variables including the price pre-
diction error were calculated as of the beginning of the ohservation interval.

The results reported in Table 12 indicate a highly significant relation-
ship between the valuation error and the rate of return over the next time
interval--approximately 15 percent of the error is corrected during the next
month and 30 percent over the next quarter., The results are quite insensi-
tive to the inclusion of the coupon and maturity variables which suggests
that they are not explicable in terms of model misspecification.

Since the price prediction error used in the regressions reported in
Table 12 was derived from a valuation model which was estimated over the whole
sample period, the prediction errors are not true er ante forecasts and it Is
possible that the results are attributable to testing the model on the data
far which 1t was estimated. To investigate this issue, the preceding analysis
was repeated with the difference that the price prediction error was computed
using the first-half estimator which, it will be recalled, used only data from
the period December 1958 to June 1969. The results obtained using the first-
half estimator are reported in Table 13 which follows the same format as Table
12. It may be seen from this table that the price prediction error continues
to have a highly significant effect on the subsequent return even outside the
period over which the model was estimated; moreover, the coefficients of the
price prediction errors are very similar to those reported in the previous
table.

Although inclusion of bond coupon and maturity in the cross-sectional
regressions was found to have no significant effect on the coefficient of the
price prediction error, model misspecification remains the most plausible
explanation of our findings. Since we have found evidence of model misspeci-
fication in the systematic behavior of the price prediction errors and related
this to a possible omitted state variahle which could be proxied for by the
factor, it is worth exploring whether this could have accounted for our results.

Assuming that the omitted state variable can he represented by the factor
extracted from the price prediction errors and that this factor affects bond
prices in a linear fashion, then the expression corresponding to (16) for the

rate of return on a bond is
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{16} R. = E[R.] + 5,.82 + §, .AZ
E| J Il

1 2J + hj.ﬁf

2

where hf is the tranaformed factor loading far band j9 and Af is the unanti-
cipated change in the factor score. The corresponding equilibrium condition

{17) becomes

(17"} E{Rj] -r = A]S]j + AZSZJ + AShj.

Combining (16') and {17') we ohtain

(181} Rj -r = (A]+ﬂ2

bspo+ G

F

1

2+322)52j + (13+ﬁ

, h¥
1j ) J

and the corresponding regression equation 15

(19"} R, -r, = 5

+ L+
it £ = % T A T 2 8

2t + 3thf * ahtEjt * ‘5t

The transformed factor loading for each bond, h?, was based on [ts matur-
ity and the price prediction error factor loadings reported in Table 7. Since
these factor loadings were available only for maturities up to ten years, the
reqgressions were restricted ta bonds of maturity less than ten years.

Tables 14 and 15 report the regression results and correspond to Tables
12 and 13, respectively, except for the inclusian of the transformed factor
loading as an independent variable and the restriction of the sample to maturi-
ties of less than ten years. Addition of the factor loading has no signifi-
cant effect on the results.

It does nat seem that the results can be easily explained in terms of
model misspecification. {f they are not due to model misspecification, then
the data suggest market inefficiency, and whether true profit opportunities
existed depends upon whether the bond prices used were true end-of-month trans-

action prices at which further transactions could have been made.

9

h? = hj/Bj where hj is the factor loading for the price prediction errors

reported in Table 7 and Bj is the price of the bond at the beginning of the

period: the transformation is required because (18') is in terms of rates
of return, not prices.
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TABLE 2
ESTIMATION OF THE MARKET PRICE QF
SHORT-TERM INTEREST RATE RISK (A])

Number of
Periad A% SE{)*) Obsarvations

A, Stochastic Process Parameter Estimates: December 1958 - December 1979

Dec. 1958 - Bec. 1979 -0.450 0.028 2016
Dec. 1958 - June 1969 -0.674 0.023 960
July 1969 - Dec. 1979 -0.283 0.031 1049
Dec. 1958 - March 1964 -0.671 0.043 480
April 1964 - June 1969 -0.593 0,021 471
July 1969 - Sept. 1974 -0.322 0.068 L79
Get. 1974 - Dec. 1979 -0.216 ¢.013 561

B. Stochaatic Process Parameter Estimatesa: December 1958 - June 1969

Dec. 1958 - lune 1969 -1.185 0.019 960

TABLE 3

TWO ESTIMATES QF (BI - A]nl) FOR

DECEMBER 1958-JUNE 1969

Stochastic
Process Estimate

B, - Ay = a t b - (h] +)\]o])r
-0.0887 + .11022 - 0.0338r Dec. 1958 - Dec. 1379
-0.1809 + .1882¢ - 0.0358¢ Dec. 1958 - June 1969
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TABLE &
BOND PRICE AND YIELD PREDICTIONS FOR DECEMBER 1958-DECEMBER 1979]

Number of PrIce52 Yields
Observations Mean Errori RMSE Mean Errorl RMSE
($) (%) (%) (%)
Full Period 11669 .18 1.58 .08 .59
I958h 27 -.03 1.29 .32 .38
59 33 -.50 1.74 .67 .71
60 35 -.19 .65 .0k .18
6l 38 =42 .63 ST .23
62 40 .02 .75 -.15 .33
63 Lo .11 .60 .01 .21
64 38 -.23 A 2 .28
65 3k -.81 1.22 .43 .52
66 33 -4 77 .25 .35
67 34 -.91 1.24 .55 .71
68 33 .18 1.26 .08 .63
69 36 -2.21 2.50 1.39 1.55
70 ho .27 3 -.27 .83
71 L2 -.01 .52 - 1h .72
72 43 -1.12 1.48 .38 .Gk
73 Lg 1.70 2.40 -.38 .73
74 51 2.01 3.23 -.27 .10
75 60 .Gh 1.54 -.23 .32
76 71 1.89 2.37 -.66 .72
77 81 .68 1.51 .01 .39
78 87 .20 1.59 48 .94
79 gk A7 1.491 .67 1.31

]Parameter estimates from whole sample period.

2Per $100 par value.

3

Actual - predicted.

1‘Decs.-mber.
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TABLE 5

BOND PRICE AND YIELD PREDICTIONS FOR JULY 1969-DECEMBER 1979
USING FIRST-HALF ESTIMATOR

Yields

Number aof Prices
Observations Mean Err'or2

()
Full Period FO4S 2.53
19693 36 -1.09
70 Lo 1.65
71 L2 1.48
72 43 .13
73 kg 3.28
74 51 k.02
75 60 3.18
76 71 4.01
17 81 2.87
78 87 2,13
79 94 2.55

RMSE
(3}

.07
.89
.52
.43
.65
.24
.96
.06
.83
.52

— M

B N . R RV ) R -

Mean Error2

(%)

-.71
.92
-.87
-.70
-.07
-.89
-1.01
-1.10
=144
-.82
-.20
-.18

RMSE
(%)

.93
.36
1.16

1.16
1.49
.99

]Per $100 par value.

2Actual - predicted.

3

December.
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TABLE &

CONTEMPORAMEQUS CORRELATION OF VALUATIOHN ERRORS FOR

TEW BASIC PORTFOLIOS FOR TOTAL SAMPLE PERIGD: l]='.h5

Partfolia
Maturity
(years) 1 2 3 4 5 é 7 8 9 10

1 1.00

2 .87 1.44

3 .74 .90 1.00

4 .52 .74 .89 1.00

5 .24 .49 .69 .86 .00

[ .38 .57 .67 a .62 Rild

7 31 .52 L67 77 .69 .81 1.00

a8 -, 31 -.19 -.05 b 45 a7 iy .00

9 -4 -.11 L1a .33 LG5 .25 .37 .90 .00

10 -.h6 =-.25 -.08 L0 47 .04 .23 .94 .94 1.00
Serial
Correlation 75 .78 .85 .88 ] .88 .90 .97 .91 13

TABLE 7
FACTOR LOADINGS OF PORTFOLIG ERRORS
{far total period)

Partfolio 1 2 3 4 5 6 7 8 9 16
Laad ing -Q.03 a.21 4.59 0.48 1.36 1.74 1.98 2.71 2.68 311
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TABLE 8
REGRESSION OF FACTOR SCORE ON r AND g

(t-ratios in parentheses)

a b c ~1 R2
oLs -2.85% -0.14 0.58 .52
(16.76} (3.5) (11.6)
Cochrane- -2, 4] Q.04 Q.36 0.86 .10
Orcutt (4.63) {0.80) {3.60)
ft =a+ brt + cit
lSerial Correlation.
2In terms of changes.
TABLE 9
2
h] h2 R
r:E]t -0.003 -0.008 0.1
{0.41) {1.19)
R:Ezt 0.000 0.0007 0.00
(0.08) (0.39)
Sie T Mt Fo
TABLE 10
{t-ratios in parentheses)
2
k1 k2 R
Filn gft -6.13 0.17 0.01
{36.06) f1.89)
oiln £2, -8.18 0.22 0.02
{48.94) {2.20}
2
I e = g * kgdn fi
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TABLE 11
MONTHLY RATE OF RETURN PREDICTION ERRORS FOR
TEN BASIC PORTFOL{05 DECEMBER 1958-DECEMBER 1979

Standard Deviation Prediction Rule

Maturity of Monthly Returns 1 2 3

{years) % Root Mean Square Error
1 .27 0.30 0.16 0.30
2 .53 0.58 0.33 0.48
3 .76 0.96 0.48 0.53
4 .95 .25 0.59 Q.51
5 .08 .71 0.71 0.74
6 231 .96 0.81 0.55
7 .43 2.15 0.90 0.58
i .24 3.06 0.63 0.58
9 .28 3.25 .13 0.83
10 45 3.76 .98 0.82

(= R = T o B o D T T o A

o —

A7
.38
.50
.62
J7h
.83
.94
.65
Jh
.93
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