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JOURW?L OF FINANCIAL AND QUANTITATIVE ANALYSIS
Vol. ¥, No. 1, March 1938Q

THE PRICING COF OQPTIONS ON DEBT SECURITIES
Richard J. Rendleman, Jr., and Brit J. Bartter*

I. Introduction

In this paper we present a method for valuing American and European put
and call copticns on debt securities. Although no exhange-traded options of this
type currently exist in the United States, the Chicago Board Options Exchange
plans to intreduce option contracts on several government bonds, and the Chicago
Board of Trade petitioned the Commodities Futures Trading Commission to allow
the trading of options on the Ginny Mae futures contract. In addition to pric-
ing put and call options, the model developed here can be applied to the valua-
tion of other securities such as callable bonds and bank loan commitments,

In their seminal paper on option pricing, Black and Scholes [3] laid the
groundwork for a general theory of contingent claim pricing which has since
been applied to many problems in finance. The Black-Scholes model depends upon
the assumption that the returns of the underlying security follow a stationary
random walk through time. However, when the underlying security is a default-
free bond, the price of the hond is not likely to follow any type of well=-
defined probability distribution due to the coupon and maturity effects speci-
fic to each instrument., As a result, the random returns of the bond will not,
except in some special cases,l be stationary, thereby creating a need for an
alternative option pricing methodology.

By assuming that the value of the instantaneous interest rate through time
is stochastic and described by geometric Brownian motion, Brennan and Schwartz
{4] were able to deriwve a differential equation for the pricing of interest-

rate-related securities and options. They solved this equation numerically to

*Northwestern University. The authors wish to acknowledge Jonathan Inger-—
s0ll, Mark Rubinstein, Chester Spatt, and an anonuymous referee for providing
helpful comments on an earlier draft of the paper. Of course, any errors are
the responsibility of the authors.

lThe only specific case that readily comes to mind is the default~free
consol. It might be possible to force a confiquration of bond payments and/or
time path of interest rates so that the returns of the bond follow a stationary
random walk. However, these cases are of little interest.
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determine the wvalues of pure discount bonds, savings bonds, retractable bonds,
and callable bonds. The latter three securities can be interpreted as having
option components.

In this paper we employ the two-state pricing methodology of Rendleman and
Bartter (9], Rubinstein [1¢], and Sharpe [11]. Under certain conditions, the
two-state and Brennan-Schwartz models are asymptotically equivalent. However,
the generality of the two-state model lends itself to the valuation of nearly
any type of contingent claim security. Moreover, the model does not require
the formulation or solution of differential equations, and is quite simple to
understand, even for the student or practitioner who has not been exposed to

other applications of option pricing theory.

II. The Model

A. Assumptions

We make the usual perfect and efficient market assumptions, There are no
transaction costs, taxes, or restrictions on short sales involved with the pur-
chase or sale of any security. Information is costless, and the securities
market is efficient in the sense that it equates the expacted returns of all

securities of equivalent risk.

B. Riskless Hedging

As in the Black-Scholes model, the two-state madel is based upon the idea
that riskless hedges involving an option and its underlying security should be
priced to yield the riskless interest rate. Consider a bond on which the op-
tion contract is issued. We assume that the price of the bond can take on only
cne of two values at time t, given its price at time t-1. Let H;!S(t—l) and
H;|S(t-l) represent the returns per dollar invested in the bond from time t-1
to time t, given the state of the world at time t-1. The + represents the state
at time t, given S{t-1) for which the price of the bond is the higher., Simi-
larly, let V:|S(t—l] and v;ls(t-l] represent the value of the optian ¢ontract
at time t, given the corresponding return per dollar invested in the bond at
time t. 1In the remalning analysis we will omit all state designations when we
are describing general pricing relationships.

Rendleman and Bartter [9] have shown that it is always possible to form a

riskless hedge between the bond and its option over the period t-1 to t by in-

- +
H - H
vesting $1 in the bond and purchasing E — units of the option. If this term
v =V
t t

is negative, a short sale of the option {or a writing position} is implied.
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C. Pricing the Option

Since the return on the hedged portfolios is certain, the option should be
priced so that the hedge yields the riskless rate of interest from time t-1 to

t. The price of the option at t=~1 that meets this condition is given by:

+ - -+
v - -1-
o 5 . t(l+Rt~l/N Ht) + Vt(Ht 1 Rt_l/N]
t-1 + -
- +
(5, - HO) (14R__ /N)
Rt~l is the annual rate of interest prevalling at time t-1 associated with a

default-free bond maturing at time t, and %—is the fraction of the yvear repre-
sented by the time interwal t-1 to t. Thus, Rt_l/N is the actual rate of inter-
est earned on the default-free bond from time t~1 to t.

Hote that a distinction is made between values (V} and prices (P). If it
is worthwhile to exercise the option at time t rather than hold until t+1, then

Vt = VEXERt, where VEXER £ is the exercisable value of the option at time t.

t
Otherwise, the option will not be exercised, and the value of owning the option
at time t is simply its price.

Assuming that investors are rational and will exercise the option when it

is in their best interests to do so, the value of the option at time t becomes:

{(2) v, = MAX[VEXERt.Pt].
Thae distinguishing feature bhetween American and European options is that
the American option can he exercised at any time, whereas the European option
can only be exercised on its maturity date, which we designate asg time T. Let-
ting Dt represent the value of the underlying debt instrument at time t and Xt
represent the option's exercise price, which does not have ta be assumed con-
stant, the following expressions define the exercisable values for American and
European puts and calls:
American Call:

{3a) VEXERt = Dt - Xt for all t.
American Put:

{3B) VEXER, = X_ - D for all t.

t t t
European Call

-

VEXER, =D, - X for £t = T,

(3¢ VEXERz = Ot - for £t < T
Euraopean Put:

VEXERt = Xt - Dt for £ = T.

(3D} 4] for t < T.

VEXER =
t
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By defining the terminal price of the option as
(4} P_ =0,

we can represent the entire option pricing model by equations 1-4. These equa-
tions represent recursive relationships which can be applied at any time t-1
to determine the price of the option as a function of its value at time t. Thus,
through repeated application of the recursive gelationship, one can begin at the
optioh's maturity date and eventually solve for the option's current price.
Unlike the Black-Scholes and Brennan—-Schwartz models, our model is proba-
bility free. The same option price will obtain independently of the probabili-
ties associated with the 4+ and - states. Of course, it is always possible to
chaose a time-differencing interval and a set of probabilities which with the
H+ and H values will make our model asymptotically equivalent to the continu-
ous time approach. However, the generality of the model makes it appropriate
for other types of return-generating processes as well. BAll that is necessary
is that the distribution of returns of the underlying debt instrument be well
described by a two-state process over some particular time-differencing inter-—
val. Finally, it should be noted that the option price does not depend upon
preferences. This feature of the model is consistent with most other modern

models of option pricing.

III. Bond Pricing under Uncertainty

A. Interest Rate Uncertainty

Before examining option prices obtained from 1-4, it is necessary to devel-
cp a theory of bond pricing under conditions of uncertainty regarding the sto-
chastic movements in the interest rate. Several recent papers have addressed
the issue of pricing bonds and related contingent claims as a function of inter-
est rate risk. In modeling the behavior of interest rates, Brennan and Schwartz
[4] and Dothan (6] have assumed that the instantaneous riskless interest rate
follows a lognormal distribution. Cox, Ingersoll and Ross [5] and Vasicek [12]
have assumed that the instantanecus riskless interest rate follows a diffusion
process with a reverting mean. We aséume that the annual rate of interest for
pure discount bonds maturing one period into the future can take on only one
of two values at time t, given the rate of t-1. To simplify the exposition,
we assume that the ratio of the interest rate at time t to that at time t-1,

Z+, is the same for all ."up" states (where "up" refers to the price of the un-
derlying bond) at each point in time. Similarly, the ratio for the "down"

states, Z_, is also assumed to be constant. We do net assume that the
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down ratioc is the reciprocal of the up ratio.

By selecting the parameters of the distribution in the appropriate manner,
the two-state, or log-binomial, distribution can be used as a numerical proce-
dure for the lognormal distribution with stationary mean and variance, the
mean reverting diffusion process, the Polsson distribution and others.

Parkinson [8] has employed a similar procedure for describing stock prices

in order to obtain a numerical solution for the price of an American put
option when the returns of the underlying stock are assumed to follow a
lognormal distribution. Parkinson's model and our model are not equivalent,
however, since a stable lognormal (or log~binomial} distribution for the short-
term interest rate does not imply the same distribution of returns for the bond
that serves as the underlying asset for the option we price.

Unlike the opticn, the price of the bond will not be preference-free if
interest rates are uncertain. A particular time path of interest rates will not
imply a preference-independent set of bond prices across all maturities. This
is due to the fact that one needs to know the prices of two securities and their
state-dependent payoffs in order to determine the market's implicit state prices.2
In the case of bonds, we know only the short-term interest rate and are unable
to rely on an arbitrage mechanism in deriving bond prices. Therefore, it is

necessary to make some assumption about investors' preferences.

B. Prieing the Bond

A5z in Brennan and Schwartz's analysis, we assume that the expectations
hypothesis of the term structure of interest rates holds. Under the expecta-
tions hypothesis, prices are set so that the expected returns of bonds of all
maturities and coupons will be the same over any interval of time t-1 to t.

Consider a bond with a face value of $F which pays a coupon at a rate of
$C per year and matures at date T* (T* > T). With a time-differencing interval
of N times per year, we assume that a coupon of $C/N is paid at each time t.

At any time t, the value of owning the bond cansists of both the coupon
and price of the bond. Under the expectations hypothesis, the bond should be
priced at each point in time so that its expected return over the next interval

of time is the same as that of a default-free pure discount bond maturing in

2 . .

In general, if there are M states of the world, one must know the prices
and state-dependent payoffs of M securities in order to specify the implicit
state prices.

3Although bonds are priced as if investors are risk neutral under the ex-

pectations hypothesis, the assumption of risk neutrality is not implied. In
fact, Mark Rubinstein has pointed out fto us that our model implies that inves-
tors have logarithmic utility functions,
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the next pericd. Therefore, we obtain the following pricing equation for the
bond at any time t-1 as a function of its expected price and coupon at time t:

ElD ] + c/n

(5) D =
=1 1+ Rt_l/N

* *
If we begin at time T «1, the price of the hond at time T is known. It is
*
simply the bond"s face value. Therefore, the price of the bond at time T -1,

*
given the state of the world at time T -1 becomes:

_(F + /M)

s(T-1) .
(l+RT*_l/N|

(6) D*_p ls¢r-1)

Equation (6) implies that there is no uncertainty surrounding the bond's
end-of-period wvalue as of time T*-l. However, the price of the bond at time
T*-l will depend upon the prevailing interest rate. If the interest rate falls
{(denoted as the "up" state since bond prices will rise) from time T*—2 ta T*—l,
the price of the bond will he

+ * _ F + C/N *
{7 Dpy_q ST ~2) = ————|s(T -2) ,

(L+R,_,2 /N)

and if the interest rate rises,

5 F + C/H
T*-1

7 /N)

(8)

|s<T*—2) |5(T*—2}.

+
i
, * *
With the expectations hypothesis, the expected return from T -2 to T -1
*
should equal the riskless single-period rate of interest prevailing at T -2.
Letting 6 represent the probability that the "up" state will occur and (1-6}
the probability associated with the occurrence of the down state, (to simplify
the analysis, 8 is assumed to be constant across all dates and states), the

*
bond's price at T -2 becomes:

ElDpy_q!
Dracz = Tam_. /W
T*-2
(F+C/M) { 9 — + (l"al )
l+RT*_22 /N 1+RT*_22 Vil
{(9) =
1+ RT*_Z/N

*
This procedure can be carried out for T periods to eventually determine
all of the possible intertemporal prices of the bond as well as its present

. . . + -
price. These prices can then be employed to determine the H and H values
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D: + /N

entering (1} (i.e., Ht = —Er—~+—+-) along with the exercisable values of the
£-1

aption.

C. BSpecifying the Interest Rate Parameters

As noted earlier, cne must specify the ratios of the interest rates pre-
vailing from one period to the next for the up and down states. The magnitude
of these ratios together with the probabilities associated with the occurrence
of the two states implies a particular mean and variance for the ratio. For
many applications of the model one might wish to start with the mean, variance,
and probabilities in order to obtain the implied Z+ and 2 values.

If one assumes that the probabilities associated with the up and down
states remain stable through time, then the logarithm of the interest rate ratio

will follow a binomial distribution with an annual mean of
(10) W= N[Z'8 + 2 (1-8)] = N[{z' - 27)6 + 2]
and annual variance

(11) o> =wiz" - 271 sa1-0,

where

ln(Z+)
1n(2 ).

2]
H

z

This distribution will approximate a lognormal distribution with the same mean
and variance. As N becomes large, the two distributions will be asymptotically
equivalent, By specifyving values for yu, 02, and 8, onhe canh simultaneously solve
{10) and (11} for the implied wvalues of Z+ and z_. This solution is giwven below:4

= u/N__Ge_’

VNG (1-8)

+ W+ g{l~f) .

VNG (1-6}

(12) z

n

(13) z

4Rendleman and Bartter [9] used a similar procedure in pricing stock op-
tions for determining implied Ht and H™ wvalues for the returns of the underly-
ing stock when the hinomial distribution was used as an approximation for a
lognormal distribution with a particular wvariance. The difference between
their European put and call prices and those of the Black-Scholes model for
options with one year to maturity was generally less than 6/10 of 1 percent
when 6 = .5 and N = 52,
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IV. An Illustration of the Model

In this section we present the prices of wvarious European and American op-
tions on debt securities. Fach ception is assumed to mature in one year and each
gives its owner the right to either buy or sell a six percent, 10-year bond with
a face value of $100. Although the bond initially has a 10-year maturity, it
will have a 9-year maturity when the option matures. The exercise prices of
the options are varied from $80 to $120 in increments of $10. The annual stand-
ard deviation of the logarithm of the interest rate ratio is varied from .10 to
.30 in increments of .05. The expected value of the logarithm of the ratio is
varied from -.1 to .l per yvear in increments of .l1. 1In each case the differenc-
ing interval is 10 times per year, the initial short-term interest rate is 6 per-
cent, and the probability of the interest rate rising is 50 percent.

An examination of Tables 1-4 reveals that both the option and bond prices
are functions of both the mean (p) and standard deviation {0) of the logarithm
of the interast rate ratio. As one would expect, bond prices vary inversely
with the expected direction of the level of interest rates. In addition, bond
prices vary inversely with the standard deviation.5 For example, with 4 = 0
and o0 = .2, the bond price is 5$98.28. With up = .1 and .1 the prices are §115.18
and $75.94, respectively, for the same standard deviation. Holding the mean
equal to 0 and varying the standard deviation from .1 to .3, the prices range
from $99.99 to $95.84.

The theory of stock option pricing suggests that American puts will always
sell for more than their European counterparts and that American calls will sell
for more than Eurcpean calls only if the underlying stock pays a dividend. A
coupon-paying bond is analogous to a dividend-paying stock. Therefore, as ex-
pected, the tables show the American option prices to be at least as great as
the European prices for both puts and calls.

It is well known that the prices of stock options vary directly with vola-
tility of stock returns, Therefore, one might conclude that the prices of bond
options would bhe increasing functions of the standard deviation of interest rate
changes. Although bond prices are more volatile at higher standard deviations,
the bond prices are also lower. Consequently, there is no systematic relation-
ship between the standard deviation of interest rate changes and bond option

prices. For example, far the European calls in Table 1, for » = 0, and an

5Brennan and Schwartz [4] and Dothan [6] have found that the price of the
bond varies directly with the standard deviation when the arithmetic drift is
held constant. If the arithmetic drift (i + 1/262) is held constant while the
standard deviation increases, the geometric drift (u) must fall. In this sense,
our results are consistent.
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TAELE 1

PRICES COF EUROPEAM CALL OPTIONS OM 6%,
10-YEAR BOND WITH $100 FACE VALUE

Exercise Standard Deviation (g)
Price .10 .15 .20 .25 .30
uo=s -1
80 35.37 34.73 33.86 32.76 31.46
90 25.92 25.29 24.42 23.32 22.09
100 16.48 15.85 15.01 14,07 13.06
110 7.05 6.60 6.25 5.82 5.65
120 0.34 0.59 .83 1.00 1.12
Bond
Price 116.72 116.08 115.18 11l4.06 112,74
we=20
80 18.84 18.12 17.21 16.29 15.31
90 9.43 8.91 8.51 8.06 7.83
100 1.53 1.98 2.35 2.61 2.80
110 0.00 0.06 0.19 ch .45
120 0.44 0.00 0.00 0.00 0.03
Bond
Price 99.99 99.26 98.28 97.13 95.84
p=.1
8a 0.47 Q.95 1.47 1.97 2,40
a0 0.00 0.03 0.15 Q.32 0.46
100 0.00 a.00 0.00 0.02 0.05
11a 0.00 0.00 0,00 Q.00 0.00
120 Q.a0 0.00 0.00 0.00 0.00
Bond
Price 76.87 76.45 75.94 75.38 74.83
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TABLE 2

PRICES OF AMERTCAN CALL OPTIONS ON 6%,
10-YEAR BROND WITH 5100 FACE VALUE

Standard Deviation (a)

Exercise
Price .10 .15 .20 .25 .30
p=-.1

84 36.72* 16.08% 35.18*% 34.06% 32,74%
a4a 26.72% 26.08% 25.18* 24.06% 22,83
100 16.76 16.17 15.36 14.46 13.48
110 7.12 6.71 6.41 6.01 5.84
120 0.34 0.62 Q.87 1.06 1.19

Bond

Price 116,72 116.08 115.18 114.06 112.74

w=a

aa 15.99* 19,26* 18.28* 17.17 16.12
a0 9.99% 9,35 8.88 8.44 8.14
1q0 1.60 2.06 2.43 2.71 2.90
1io .00 0.06 0.20 0.32 0.48
1z2a 0.00 0.00 0.00 0.00 0.03

Band

Price 99,99 99,26 98.238 97.13 95.84

u=.1

80 34.50 1.01 1.57 2.09 2.53
30 0.00 0.03 0.1é Q.33 0.49
100 0.00 0.00 0.00 0.q2 0.05
110 0.00 0.00 0.00 0.00 0.00
120 0.00 0.00 0.00 Q.00 0.00

Band

Price 76.87 76.45 75.94 75.38 74 .83

*Option price is equal to its current exercisable value. Therefore, the
option should be exercised immediately.
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TABLE 3

PRICES OF EUROPEAN PUT OPTIONS ON 6%,
10-YEAR BOND WITH 100 FACE VALUE

Standard Deviation (g}

Exercise
Price 10 .15 20 .25 .30
b= -.1
80 .00 0.00 0.00 0.00 0.00
a0 0.00 0.00 Q.00 0.01 Q.07
100 0.00 0.00 0.03 0.19 Q.47
110 Q.14 0.19 0.71 1.37 2.50
120 2.74 3.63 4.73 6.00 7.40
Band
Price 116.72 116.08 115.18 114.086 112,74
=0
80 0.00 a.qa0 0.05 a.26 0.54
450 0.0l g.21 0l7é 1.45 2.46
100 1.53 2.70 4.01 5.41 6.85
110 9.42 1a0.19 11.27 12,51 13.91
120 18.86 19.55% 20.50 21.62 22.89
Bond
Price 99.99 99.26 a8, 248 97.13 95.84
po= 1
8Q 4.54 5.43 6.44 7.47 8.43
a0 13.46 13.89 14.51 15.20 15.87
100 22.85 23.26 23.75 24.28 24.84
110 32.24 32.65 33.13 33.65 34.17
120 41.64 42,04 42,583 43.04 43.56
Bond
Price 76.87 76.45 75.94 75.38 74.83
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TABLE 4

PRICES OF AMERICAN PUT OPTIONS ON 6%,
10-YEAR BOND WITH £100 FACE VALUE

Standard Deviation (o}

Exercise
Price 10 .15 .20 .25 .30
u=-.1
a0 0.00 .00 0.00 0.04 0.00
90 0.00 0.00 0.00 0.0l 0.07
100 Q.00 0.00 0.03 0.21 0.51
110 0.01 0.20 0.76 1.50 2.68
120 3.28 4,13 5.25 6.58 8.07
Bond
Price 116.72 116.08 115.18 114.06 112.74
w=2a
a0 0.00 0.00 0.05 .27 0.57
a0 0.01 0.21 0.78 1.49 2.57
100 1.80 2.82 4.19 5.64 7.14
110 10.01% 10.74* 11.886 13.15 14.59
120 20.401* 20.74% 21.72% 22.87* 24 .16%*
Bond
Price 99.99 99.26 98.28 97.13 95.84
p=.1
a0 4,54 5.44 6,49 7.56 8.56
90 13,52 14.01 14.69 15.44 16.18
100 23,17 23.63 24,19 24,80 25.44
110 33.13% 33.55* 34.06% 34.62% 35.20
120 43_13* 43.55% 44 .06% 44 .62% 45.17%
Bond
Price 76.87 76,45 75.94 75.38 74.83

*option price is equal te its current exercisahle value. Therefore, the
option should be exercised immediately.
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exercige price of $80, as the standard deviation increases from .1 to .3 the
optioh;price decreases from $18.84 to $15.31. On the other hand, for an exer-
cise price of $110, the option price increases from $50.00 to £.45 over the same
range.

If we examine hond option premiums instead of prices, we find that premiums
are an increasing function of the standard deviation for all exercise prices.
For the example above, the premium on the call opticn with an exercise price of
$80 increases from $18.84 - ($99.992-580) = -$1.15 to $15.31 - ($95.84-%80) =
~$.53 and likewise, with an exercise price of $110 increases from $0.00 -
($99.99-5110) to $.45 - ($95.84-~-5110) = $14.61l. This relationship also holds
for Amexrican calls, as well as European and American puts.

One major problem with this approach to option pricing is that the price
of the underlying bond is an output of the model rather than an input. In most
situations one would know the price of the bond prior to determining the value
of the option. However, with knowledge of the bond price, one could at least
eliminate one of the subjective inputs (u or ¢} to the model since, given the

other parameter, the observed bond price would imply the other.

V. Further Applicaticns of the Model

In addition to pricing puts and calls, the model has application in the
pricing of interest-related contingent claims such as callable bonds, savings
bonds, and retractable bonds that have previously been valued by Brennan and
Schwartz, as well as bank loan commitmentsa. Bartter and Rendleman [1, 2] have
applied this methodology to both fee and balance based pricing of fixed-rate
bank loar commitments. As Hong and Greenbaum [7] first recognized, a bank loan
commitment is similar to a put optlon on a pure discount bond in which the bank
customer has the right to sell the hank a loan at a specified borrowing rate
within a specified time period. Unlike the American options valued in this
paper, the loan commitment allows the bank customer to sell a loan with a fixed
life, rather than a fixed maturity date. In effect, the underlying loan is
different at each point in time throughout the life of the commitment. Although
this feature makes the valuation problem more complex, it can be easily handled

using the two-state methodology.

The premium ocn a call option is the call price less the difference between
the bond price and the exercise price. The premium on a put option is the put
price less the difference between the exercise price and the bond price.
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