
Wkh h�hfwv ri fkdqjhv lq ulvn rq ulvn wdnlqj=
D vxuyh|

Orxlv Hhfnkrxgw4

Fkulvwldq Jroolhu56

Pdufk :/ 5333

4Fdwkrolf Idfxowlhv ri Prqv
5Lqvwlwxw Xqlyhuvlwdluh gh Iudqfh dqg Xqlyhuvlw| ri Wrxorxvh
6Zh wkdqn wzr uhihuhhv iru wkhlu xvhixo frpphqwv rq d suholplqdu| yhuvlrq ri

wkh sdshu1



Devwudfw

Zh h{dplqh dq lpsruwdqw fodvv ri ghflvlrq sureohpv xqghu xqfhuwdlqw| wkdw
hqwdlov wkh vwdqgdug sruwirolr sureohp dqg wkh ghpdqg iru frlqvxudqfh1 Wkh
djhqw idfhv d frqwuroodeoh ulvn � klv ghpdqg iru d ulvn| dvvhw iru h{dpsoh
� dqg d edfnjurxqg ulvn1 Zh ghwhuplqh krz d fkdqjh lq wkh glvwulexwlrq lq
rqh ri wkhvh wzr ulvnv d�hfwv wkh rswlpdo h{srvxuh wr wkh frqwuroodeoh ulvn1
Uhvwulfwlrqv rq �uvw rughu dqg vhfrqg rughu vwrfkdvwlf grplqdqfh rughuv duh
lq jhqhudo qhfhvvdu| wr |lhog dq xqdpeljxrxv frpsdudwlyh vwdwlfv surshuw|1
Zh dovr uhylhz dqrwkhu olqh ri uhvhdufk lq zklfk uhvwulfwlrqv duh pdgh rq
suhihuhqfhv udwkhu wkdq rq vwrfkdvwlf grplqdqfh rughuv1

Uìvxpì= Rq ìwxglh xqh fodvvh lpsruwdqwh gh sureoëphv gh gìflvlrq hq
lqfhuwlwxgh/ grqw oh sureoëph gh fkrl{ gh sruwhihxlooh hw od ghpdqgh gh fr0
dvvxudqfh1 Oh gìflghxu idlw idfh ã ghx{ ulvtxhv/ grqw o*xq hvw hqgrjëqh1
Rq gìwhuplqh frpphqw xq fkdqjhphqw gdqv od glvwulexwlrq g*xq ulvtxh di0
ihfwh o*h{srvlwlrq rswlpdoh dx ulvtxh hqgrjëqh1 Ghx{ yrlhv gh uhfkhufkh vrqw
suìvhqwìhv1 Gdqv od suhplëuh/ rq fkhufkh ã uhvwuhlqguh ohv qrwlrqv gh grpl0
qdqfh vwrfkdvwltxh hq yxh g*rewhqlu xq uìvxowdw qrq dpeljx1 Gdqv od vhfrqgh/
f*hvw dx frqwudluh ohv suìiìuhqfhv txl vrqw frqwudlqwhv1

Nh|zrugv= frpsdudwlyh vwdwlfv xqghu xqfhuwdlqw|/ lqfuhdvh lq ulvn/ edfn0
jurxqg ulvn/ sruwirolr ghflvlrq/ lqvxudqfh ghpdqg1



4 Lqwurgxfwlrq

Wr vwduw wklv vxuyh|/ zh suhvhqw wzr sureohpv wkdw orrn yhu| gl�huhqw dw �uvw
jodqfh1 Frqvlghu dq lqyhvwru zkr kdv wr doorfdwh d jlyhq dprxqw ri prqh|
+�f, ehwzhhq d vdih dvvhw sd|lqj d uhwxuq +�, dqg d ulvn| rqh sd|lqj d udqgrp
uhwxuq +h%,1 Li wkh pdwkhpdwlfdo h{shfwdwlrq ri h% h{fhhgv �/ lw lv rswlpdo iru dq
lqyhvwru zkr reh|v wkh d{lrpv ri h{shfwhg xwlolw| wr lqyhvw d vwulfwo| srvlwlyh
dprxqw lq wkh ulvn| dvvhw1 Dvvxph qrz wkdw ehfdxvh ri vrph jrrg qhzv/ wkh
survshfwv ri wkh ulvn| dvvhw ehfrph �ehwwhu� lq wkh vhqvh ri lpsurylqj wkh
zhoiduh ri lwv kroghu1 Lqwxlwlrq vxjjhvwv wkdw d udwlrqdo lqyhvwru vkrxog lqyhvw
pruh lq wkh ulvn| dvvhw ehfdxvh lw kdv ehfrph uhodwlyho| pruh dwwudfwlyh1

Zh qrz wxuq wr wkh vhfrqg sureohp1 Zh frqvlghu wkh fdvh ri dq lqvxuhg
zkrvh zhdowk �f pd| eh uhgxfhg e| d udqgrp gdpdjh h+1 Wr surwhfw klpvhoi
djdlqvw wklv gdpdjh kh fdq ex| lqvxudqfh wkdw lv vrog zlwk d srvlwlyh dqg
sursruwlrqdo ordglqj e| dq lqvxudqfh frpsdq|1 Wkh frpsdq| dqg wkh lqvxuhg
kdyh lghqwlfdo lqirupdwlrq derxw wkh lqlwldo ulvn h+1 Lw lv zhoo0nqrzq wkdw lq
wklv fdvh/ h{shfwhg0xwlolw| pd{lpl}huv vkrxog ex| ohvv wkdq ixoo lqvxudqfh1
Qrz dvvxph wkdw wkh lqvxuhg uhfhlyhv d sulydwh lqirupdwlrq lqglfdwlqj wkdw
klv ulvn ghwhulrudwhv1 Lqwxlwlrq vxjjhvwv djdlq wkdw wkh lqvxuhg vkrxog qrz
ghpdqg pruh fryhudjh wr frpshqvdwh iru wkh ghwhulrudwlrq lq ulvn1

Wkh h{dpsohv ri sruwirolr dqg lqvxudqfh ghflvlrqv looxvwudwh d pruh jhqhudo
sureohp wkdw lv wkh wrslfv ri wklv vxuyh|= krz gr fkdqjhv lq ulvn d�hfw ulvn
wdnlqj +h1j1 sruwirolr, ru ulvn dyrlgdqfh +h1j1 lqvxudqfh, e| d ghflvlrq0pdnhuB
Zh edvlfdoo| vkrz wkdw xqohvv vshfl�f uhvwulfwlrqv duh pdgh rq wkh fkdqjh lq
ulvn dqg2ru rq wkh vkdsh ri wkh xwlolw| ixqfwlrq/ d ulvn0dyhuvh ghflvlrq0pdnhu
pd| yhu| zhoo ghflgh wr lqfuhdvh klv h{srvxuh wr d ulvn zkrvh glvwulexwlrq
ghwhulrudwhv1

Zkloh wkh| kdyh wkh vdph irupdo vwuxfwxuh/ wkh wzr h{dpsohv mxvw gh0
vfulehg vkduh dqrwkhu lpsruwdqw ihdwxuh= wkh ghflvlrq0pdnhu idfhv rqo| rqh
ulvn dqg e| klv vlqjoh ghflvlrq derxw wklv ulvn/ kh rswlpdoo| frqwurov wkh wrwdo
ulvn kh zloo dvvxph1 Dq lpsruwdqw sduw ri wklv vxuyh| zloo eh ghyrwhg wr
d pruh uhdolvwlf fdvh uhfhqwo| ghyhorshg lq wkh olwhudwxuh xqghu wkh jhqhudo
khdglqj ri �edfnjurxqg ulvn�1 Lq wklv sureohp wzr ulvnv duh lqyroyhg= rqh lv
h{rjhqrxv dqg lv qrw vxemhfw wr wudqvirupdwlrqv e| wkh ghflvlrq pdnhu zkloh
wkh rwkhu rqh lv hqgrjhqrxv dqg fdq eh frqwuroohg lq wkh zd| ghvfulehg lq
hdfk ri wkh wzr h{dpsohv1 Wkh h{rjhqrxv ulvn fdq eh iru h{dpsoh d ulvn
uhodwhg wr oderxu lqfrph wkdw lv wudglwlrqdoo| qrw lqvxudeoh wkurxjk vwdq0
gdug lqvxudqfh pdunhwv1 Wkh txhvwlrq udlvhg lq wklv qhz iudphzrun fdq eh
ghvfulehg dv iroorzv= krz grhv wkh edfnjurxqg ulvn d�hfw wkh rswlpdo ghfl0
vlrqv derxw wkh hqgrjhqrxv rqhB Lv lw wuxh wkdw h1j1 d ghwhulrudwlrq lq wkh
edfnjurxqg ulvn zloo dozd|v uhgxfh ulvn wdnlqj ylv d ylv wkh rwkhu ulvnB
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Ehiruh wxuqlqj wr wklv txhvwlrq/ zh suhvhqw rxu edvlf prgho lq vhfwlrq 5
dqg zh vwdwh vrph edvlf uhvxowv derxw lw1 Vhfwlrq 6 lv ghyrwhg wr d suhvhqwd0
wlrq ri wkh vwdqgdug vwrfkdvwlf rughuv1 Lq vhfwlrq 7/ zh vxuyh| uhvxowv derxw
wkh lpsdfw ri d fkdqjh lq wkh glvwulexwlrq ri wkh hqgrjhqrxv2frqwuroodeoh
ulvn1 Dv lqglfdwhg hduolhu/ wkh uroh dqg lpsdfw ri edfnjurxqg ulvn duh h{dp0
lqhg lq vhfwlrq 81 Vrph h{whqvlrqv dqg d frqfoxglqj uhpdun duh surylghg
uhvshfwlyho| lq vhfwlrqv 9 dqg :1

5 D vlpsoh prgho

Wkh wzr sureohpv suhvhqwhg lq wkh lqwurgxfwlrq fdq eh zulwwhq lq wkh iroorz0
lqj frpsdfw pdqqhu4=

4@ 
k

.�E�f n k�% n �"� +4,

zkhuh k lv wkh ghflvlrq yduldeoh/ wkh ydoxh ri zklfk phdvxuhv wkh h{whqw ri
ulvn wdnlqj1 Wkh udqgrp yduldeoh �" vwdqgv iru wkh edfnjurxqg ulvn1 Wkh
xwlolw| ixqfwlrq � lv dvvxphg wr eh lqfuhdvlqj dqg frqfdyh1 E| dvvxpswlrq �"
lv lqghshqghqw ri �%/ wkh hqgrjhqrxv2frqwuroodeoh ulvn15

Qrwlfh �qdoo| wkdw iru wkh sureohp wr pdnh vhqvh wkh udqgrp yduldeoh
�% pxvw wdnh qhjdwlyh dqg srvlwlyh ydoxhv rwkhuzlvh wkh rswlpdo k zrxog eh
hlwkhu �4 ru n41 Wkh devroxwh ydoxh ri k h{suhvvhv wkh h{srvxuh wr ulvn
�%1 Lwv rswlpdo ohyho 0 ghqrwhg kW0 kdv wzr surshuwlhv wkdw fdq eh vwdwhg dv
iroorzv=

� li wkh pdwkhpdwlfdo h{shfwdwlrq ri �% lv vwulfwo| srvlwlyh/ vr zloo eh kW1
Wklv surshuw| zklfk zdv vkrzq wr eh wuxh lq wkh devhqfh ri edfnjurxqg
ulvn uhpdlqv ydolg lq lwv suhvhqfh +iru d surri lq dq lqvxudqfh frqwh{w/
vhh Grkhuw|0Vfkohvlqjhu +4<;6,,1

� lq wkh devhqfh ri edfnjurxqg ulvn dq lqfuhdvh lq ulvn dyhuvlrq gh0
fuhdvhv kW +vhh Sudww +4<97,,1 Krzhyhu dv vkrzq e| Nlkovwurp/ Urphu/
Zlooldpv +4<;4,/ wklv uhodwlrqvkls grhv qrw h{whqg zkhq dq lqghshq0
ghqw edfnjurxqg ulvn lv dgghg wr lqlwldo zhdowk1 Wklv uhvxow looxvwudwhv

4Iru pruh ghwdlov/ vhh Glrqqh0Hhfnkrxgw0Jroolhu +4<<6, dqg pruh hvshfldoo| sdjhv 6480
64:1 Vhh dovr Hhfnkrxgw0Jroolhu +4<<8, dqg pruh vshfl�fdoo| sdjh 4;6/ h{huflvh 43141 Wkh
uhdghu zkr lv lqwhuhvwhg lq dq lqvxudqfh lqwhusuhwdwlrq ri vrph uhvxowv lq wklv vxuyh| pd|
dovr uhihu wr Dodulh/ Glrqqh dqg Hhfnkrxgw +4<<5,1

5Jroolhu dqg Vfkohh +4<<:, h{dplqh wkh pruh jhqhudo sureohp zlwk d fruuhodwhg edfn0
jurxqg ulvn1 Qrwlfh dovr wkdw pdq| uhvxowv uhylhzhg lq wklv sdshu dovr krog zkhq �qdo
zhdowk lv d frqfdyh ixqfwlrq ri � dqg h{1
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wkh lpsruwdqfh ri edfnjurxqg ulvn wkh suhvhqfh ri zklfk pd| lqydolgdwh
uhvxowv wkdw krog wuxh lq lwv devhqfh1

6 Ghwulphqwdo fkdqjhv lq ulvn

Vxssrvh wkdw udqgrp yduldeoh �% xqghujrhv dq h{rjhqrxv fkdqjh lq glvwul0
exwlrq1 Wkh lqlwldo fxpxodwlyh glvwulexwlrq ixqfwlrq lv ghqrwhg 8 / zkhuhdv
wkh �qdo rqh lv ghqrwhg C1 Hfrqrplvwv xvxdoo| frqvlghu wzr vshfl�f vxevhwv
ri fkdqjhv lq ulvn= �uvw rughu ru vhfrqg rughu vwrfkdvwlf grplqdqfh +uhvshf0
wlyho| IVG dqg VVG,1 Lq rughu wr gh�qh wkhvh vwrfkdvwlf grplqdqfh rughuv/
rqh orrnv dw wkh h�hfw ri d fkdqjh lq ulvn rq d vshfl�f fodvv ri djhqwv1

614 Iluvw rughu vwrfkdvwlf grplqdqfh +IVG,

I grplqdwhv J lq wkh vhqvh ri IVG li wkh h{shfwhg xwlolw| xqghu I lv odujhu
wkdq xqghu J iru dq| lqfuhdvlqj xwlolw| ixqfwlrq=]

�E%�_8 E%� �
]
�E%�_CE%� ;�lqfuhdvlqj1 +5,

Revhuyh wkdw dprqj wkh vhw ri lqfuhdvlqj ixqfwlrqv/ zh kdyh wkh vwdqgdug
�vwhs� +ru lqglfdwru, ixqfwlrq/ zklfk wdnhv ydoxh 3 li { lv ohvv wkdq d jlyhq +/
rwkhuzlvh lw wdnhv ydoxh 41 Wkxv/ dsso|lqj wkh deryh gh�qwlrq wr wklv ixqfwlrq
|lhogv wkh qhfhvvdu| frqglwlrq �� 8E+� � ��CE+�/ ru 8E+� � CE+�1 Qrwlfh
dovr wkdw dq| lqfuhdvlqj ixqfwlrq fdq eh rewdlqhg e| d frqyh{ frpelqdwlrq ri
vwhs ixqfwlrqv/ l1h1 wkh vhw ri vwhs ixqfwlrqv lv d edvlv ri wkh vhw ri lqfuhdvlqj
ixqfwlrqv1 Revhuyh �qdoo| wkdw wkh h{shfwdwlrq rshudwru lv olqhdu/ l1h1 li ��
dqg �2 vdwlvi| frqglwlrq +5,/ wkhq b�� n E� � b��2 dovr vdwlv�hv +5,1 Doo wklv
lpsolhv wkdw uhtxlulqj 8 E+� � CE+� iru doo + lv qrw rqo| qhfhvvdu|/ exw dovr
vx!flhqw wr jxdudqwhh wkdw +5, krogv1 Lq frqfoxvlrq/ 8 grplqdwhv C lq wkh
vhqvh ri IVG li dqg rqo| li

8E%� � CE%� ;%� +6,

Dprqj rwkhu surshuwlhv6/ lw lv zruwk uhphpehulqj wkdw diwhu dq IVG gh0
whulrudwlrq wkh pdwkhpdwlfdo h{shfwdwlrq ri d udqgrp yduldeoh qhfhvvdulo|
ghfuhdvhv zkloh wkh frqyhuvh lv qrw qhfhvvdulo| wuxh1

6Iru dq h{fhoohqw vxuyh| rq vwrfkdvwlf grplqdqfh/ vhh K1 Ohy| +4<<5,1
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615 Vhfrqg rughu vwrfkdvwlf grplqdqfh +VVG,

Zkhuhdv wklv qrwlrq zdv douhdg| nqrzq lq wkh vwdwlvwlfdo olwhudwxuh iru d orqj
wlph/7 lw ehfdph srsxodu lq wkh hfrqrplfv dqg �qdqfh olwhudwxuh diwhu wkh
sxeolfdwlrq ri Kdgdu dqg Uxvvhoo*v sdshu +4<9<,1 Glvwulexwlrq 8 grplqdwhv
glvwulexwlrqC lq wkh vhqvh ri VVG li doo ulvn0dyhuvh djhqwv suhihu 8 wrC1 Wklv
lv ohvv ghpdqglqj wkdq IVG/ vlqfh VVG uhtxluhv 8 wr eh suhihuuhg wr C mxvw
iru lqfuhdvlqj dqg frqfdyh xwlolw| ixqfwlrqv/ qrw iru doo lqfuhdvlqj ixqfwlrqv1

Revhuyh wkdw wkh vhw ri %plq% ixqfwlrqv � �E%� ' 4�?E%c +� � duh lq0
fuhdvlqj dqg frqfdyh1 Wkxv d qhfhvvdu| frqglwlrq iru VVG lv rewdlqhg e|
uhtxlulqj frqglwlrq +5, wr krog iru vxfk ixqfwlrqv1 Lw |lhogv

] +

%_8E%� n +E� � 8E+�� �
] +

%_CE%� n +E� �CE+��c

ru/ lqwhjudwlqj e| sduwv/

] +

8E%�_% �
] +

CE%�_%� +7,

Qrwlfh wkdw dq| lqfuhdvlqj dqg frqfdyh ixqfwlrq fdq eh rewdlqhg e| d frqyh{
frpelqdwlrq ri �plq� ixqfwlrqv1 Wkxv/ xvlqj wkh vdph dujxphqw dv ehiruh/
lw lv wuxh wkdw frqglwlrq +7, lv qrw rqo| qhfhvvdu|/ exw lv dovr vx!flhqw iru 8
wr grplqdwh C lq wkh vhqvh ri VVG1

Li 8 grplqdwhv C lq wkh vhqvh ri VVG dqg li 8 dqg C kdyh wkh vdph
phdq/ wkhq C lv vdlg wr eh dq lqfuhdvh lq ulvn +LU,1 Urwkvfklog dqg Vwljolw}
+4<:3, vkrzhg wkdw dq| lqfuhdvh lq ulvn fdq eh rewdlqhg hlwkhu e| dgglqj
qrlvh wr wkh lqlwldo udqgrp yduldeoh/ ru e| d vhtxhqfh ri phdq0suhvhuylqj
vsuhdgv +PSV, ri suredelolwlhv1 D qrlvh lv rewdlqhg e| dgglqj d }hur0phdq
orwwhu| wr dq| rxwfrph ri wkh lqlwldo udqgrp yduldeoh1 D PSV lv rewdlqhg
e| wdnlqj vrph suredelolw| pdvv iurp wkh lqlwldo ghqvlw| dqg e| wudqvihulqj
lw wr wkh wdlov lq d zd| wkdw suhvhuyhv wkh phdq1

Ilqdoo|/ qrwlfh wkdw dq| VVG ghwhulrudwlrq lq ulvn fdq eh rewdlqhg e| wkh
frpelqdwlrq ri d IVG ghwhulrudwlrq frpelqhg zlwk dq lqfuhdvh lq ulvn1

7 Wkh frpsdudwlyh vwdwlfv ri fkdqjhv lq wkh

frqwuroodeoh ulvn

Lq wklv vhfwlrq/ zh dvvxph wkdw vrph lqirupdwlrq lv rewdlqhg wkdw doorzv
djhqwv wr uhylvh wkh glvwulexwlrq ri �%/ exw �" uhpdlqv xqd�hfwhg1 Wkh olwhudwxuh
ghyrwhg wr wklv wrslf zdv prvwo| ghyhorshg xqghu wkh dvvxpswlrq wkdw wkhuh

7Vhh Kdug|/ Olwwohzrrg dqg Sro|d +4<5<,1
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lv qr edfnjurxqg ulvn1 Prvw riwhq/ wklv lv zlwkrxw orvv ri jhqhudolw|1 Lqghhg/
iru hyhu| lqfuhdvlqj dqg frqfdyh �/ gh�qh wkh lqgluhfw xwlolw| ixqfwlrq � dv
iroorzv=

�E5� ' .�E5 n �"�� +8,

Wklv doorzv xv wr uhzulwh wkh lqlwldo sureohp +4, dv

4@ 
k

.�E�f n k�%�� +9,

Revhuyh qrz wkdw �d?o/ l1h1 wkh qwk ghulydwlyh ri �/ dqg �d?o kdyh wkh vdph
vljq/ iru dq| lqwhjhu ?1 Lq sduwlfxodu � lv lqfuhdvlqj dqg frqfdyh1 Dv orqj dv
qr uhvwulfwlrq rq wkh xwlolw| ixqfwlrq rwkhu wkdq wkrvh rq wkh vljq ri vrph ri
lwv ghulydwlyhv lv lpsrvhg/ +4,dqg +9, duh txdolwdwlyho| wkh vdph sureohpv1

Dv phqwlrqhg deryh/ vwrfkdvwlf rughuv kdyh ehhq gh�qhg rq wkh edvlv
ri krz fkdqjhv lq glvwulexwlrq d�hfw wkh zhoiduh ri vrph zhoo0gh�qhg vhw ri
djhqwv lq wkh hfrqrp|1 Lq wklv vhfwlrq/ zh h{dplqh wkh h�hfw ri d glvolnhg
fkdqjh lq wkh glvwulexwlrq ri �% rq wkh rswlpdo h{srvxuh kW wr wklv ulvn1 Iru
d zkloh pdq| uhvhdufkhuv qdwxudoo| h{whqghg wkh uhvxowv derxw wkh djhqw*v
zhoiduh wr klv rswlpdo ghjuhh ri ulvn wdnlqj1 Lw wxuqv rxw krzhyhu wkdw vxfk
dq h{whqvlrq pd| qrw eh fruuhfw1

Wkh �uvw0rughu frqglwlrq rq kW xqghu glvwulexwlrq 8 lv zulwwhq dv=

]
%��E�f n kW%�_8 E%� ' f� +:,

Jlyhq wkh frqfdylw| ri wkh remhfwlyh ixqfwlrq zlwk uhvshfw wr wkh ghflvlrq
yduldeoh/ wkh fkdqjh lq ulvn iurp 8 wr C uhgxfhv wkh rswlpdo h{srvxuh wr ulvn
li

]
%��E�f n kW%�_CE%� � f� +;,

Lw kdsshqv wkdw 8 grplqdwlqj C lq wkh vhqvh ri IVG ru VVG lv qhlwkhu
qhfhvvdu| qru vx!flhqw iru kW wr eh uhgxfhg/ l1h1 iru frqglwlrq +;, wr eh
vdwlv�hg zkhqhyhu +:, lv vdwlv�hg1 Lw lv vwulfnlqj wkdw d IVG ghwhulrudwlrq lq
ulvn �% ru dq lqfuhdvh lq ulvn �% fdq lqgxfh vrph ulvn0dyhuvh djhqwv wr lqfuhdvh
wkh vl}h kW ri wkhlu h{srvxuh wr lw$ Dv frxqwhu0h{dpsohv/ ohw xv h{dplqh wkh
vwdqgdug xwlolw| ixqfwlrq �E5� ' 5�3�*E� � ��1 Frqvlghu lq sduwlfxodu wkh
fdvh ri d frqvwdqw uhodwlyh ulvn dyhuvlrq � ' �/ zklfk lv zlwklq wkh udqjh ri
ghjuhhv ri ulvn dyhuvlrq revhuyhg lq wkh uhdo zruog1 Ilqdoo|/ wdnh �f ' 2 dqg
dq lqlwldo glvwulexwlrq ri �% ' E��cf��( necf�b�1 Lq wklv fdvh/ rqh fdq frpsxwh
kW ' f�S�fD1
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Vxssrvh qrz wkdw �% xqghujrhv d IVG0ghwhulrudwlrq zlwk d qhz glvwulex0
wlrq E��c f��(n2cf�b�1 Frqwudu| wr wkh lqwxlwlrq/ wkh djhqw uhdfwv e| lqfuhdv0
lqj klv h{srvxuh wr kW ' f�.f�D$ Dowhuqdwlyho|/ vxssrvh wkdw �% xqghujrhv dq
lqfuhdvh lq ulvn wr wkh qhz glvwulexwlrq E��c f��(n�c f�eDcnDcf�eD�1 Djdlq/
lw lv d sx}}oh wkdw wkh djhqw uhdfwv wr wklv lqfuhdvh lq ulvn e| lqfuhdvlqj klv
h{srvxuh wr kW ' f�S�2H1

Iurp h{dpsohv vxfk dv wkhvh/ uhvhdufkhuv wulhg wr uhvwulfw wkh prgho lq
rughu wr h{foxgh wkh srvvlelolw| ri vxfk sx}}ohv1 Wzr gluhfwlrqv ri uhvhdufk
kdyh ehhq iroorzhg1 Rqh fdq hlwkhu uhvwulfw suhihuhqfh ixqfwlrqdov/ ru rqh fdq
uhvwulfw wkh vhw ri fkdqjhv lq ulvn1 Zh khuhdiwhu h{dplqh wkhvh wzr olqhv ri
uhvhdufk vhsdudwho|1

714 Uhvwulfwlrqv rq wkh xwlolw| ixqfwlrq

Wklv olqh ri uhvhdufk kdv ehhq h{soruhg e| Urwkvfklog dqg Vwljolw} +4<:4,/
Ilvkexuq dqg Sruwhu +4<:9,/ Fkhqj/ Pdjloo dqg Vkdihu +4<;:, dqg Kdgdu
dqg Vhr +4<<3,1 Doo wkhlu �qglqjv uho| rq wkh iroorzlqj revhuydwlrq1 Gh�qh
wkh ixqfwlrq �E%(�f� ' %��E�f n kW%�/ zkhuh kW lv wkh rswlpdo h{srvxuh
xqghu 8 1 Zh khuhdiwhu qrupdol}h lw wr xqlw|1 Frpelqlqj frqglwlrqv +:, dqg
+;,/ wkh fkdqjh lq ulvn uhgxfhv wkh rswlpdo h{srvxuh kW li]

�E%(�f�_8 E%� �
]
�E%(�f�_CE%�� +<,

71414 Frqglwlrqv iru IVG vkliwv

Vxssrvh �uvw wkdw 8 grplqdwhv C lq wkh vhqvh ri IVG1 Zklfk frqglwlrq
lv uhtxluhg rq � wr jxdudqwhh wkdw +<, krogvB Frpsdulqj wklv frqglwlrq wr
frqglwlrq +5, gluhfwo| surylghv wkh dqvzhu wr wklv txhvwlrq= � pxvw eh dq
lqfuhdvlqj ixqfwlrq1 Ehfdxvh

Y�

Y%
E%(�f� ' ��E�f n %� n %���E�f n %�c

� lv lqfuhdvlqj li

�oE�f n %���f�E�f n %� � � ;%c +43,

zkhuh �E5� ' ����E5�*��E5� dqg �oE5� ' 5�E5� duh uhvshfwlyho| wkh devroxwh
dqg wkh uhodwlyh ghjuhh ri ulvn dyhuvlrq phdvxuhg dw 51 Lq frqfoxvlrq/ dq IVG
ghwhulrudwlrq lq �% dozd|v uhgxfhv wkh rswlpdo h{srvxuh wr lw li uhodwlyh ulvn
dyhuvlrq lv xqlirupo| ohvv wkdq xqlw|1 Li frqglwlrq +43, lv qrw vdwlv�hg iru
vrph %/ lw lv dozd|v srvvleoh wr exlog d frxqwhu0h{dpsoh/ dv zh kdyh grqh
deryh1
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71415 Frqglwlrqv iru lqfuhdvhv lq ulvn

Wkh vdph dujxphqw fdq eh xvhg iru lqfuhdvhv lq ulvn/ zklfk uhtxluh � wr eh
frqfdyh lq %1 Diwhu vrph frpsxwdwlrqv/ zh jhw wkdw wkh vhfrqg ghulydwlyh ri
� zlwk uhvshfw wr % lv qhjdwlyh li dqg rqo| li

� oE�f n %���f� E�f n %� � 2 ;%c +44,

zkhuh � E5� ' �����E5�*���E5� dqg � oE5� ' 5�E5� duh uhvshfwlyho| wkh devroxwh
dqg wkh uhodwlyh ghjuhh ri suxghqfh phdvxuhg dw 51 Lq frqfoxvlrq/ dq lqfuhdvh
lq ulvn �% dozd|v uhgxfhv wkh rswlpdo h{srvxuh wr lw li uhodwlyh suxghqfh lv
srvlwlyh dqg ohvv wkdq 51 Qrwlfh wkdw zh exlow wkh frxqwhu0h{dpsoh deryh rq
wkh edvlv ri � oE5� ' � n � ' e1

715 Uhvwulfwlrqv rq wkh fkdqjh lq ulvn

71514 Iluvw0rughu vwrfkdvwlfdoo| grplqdwhg vkliwv

Lq wklv vhfwlrq/ zh suhvhqw vrph uhvwulfwlrqv rq IVG lq rughu wr jxdudqwhh
wkdw doo ulvn0dyhuvh djhqwv uhgxfh wkhlu h{srvxuh diwhu wkh vkliw lq glvwulexwlrq1

D �uvw vwhs lq wklv gluhfwlrq zdv pdgh lq d voljkwo| gl�huhqw frqwh{w
e| Plojurp +4<;4, dqg odwhu rq e| Odqgvehujhu dqg Phlolmvrq +4<<3, dqg
Ruplvwrq dqg Vfkohh +4<<6,1 Zh vd| wkdw 8 grplqdwhv C lq wkh vhqvh ri wkh
Prqrwrqh Olnholkrrg Udwlr rughu +POU, li/ fuxgho| vdlg/ �E%� ' C�E%�*8 �E%�
lv ghfuhdvlqj18 Lw lv hdv| wr yhuli| wkdw POU lv d sduwlfxodu fdvh ri IVG1 Li
8 grplqdwhv C lq wkh vhqvh ri POU/ zh rewdlq wkdw

]
%��E�fn%�_CE%� '

]
%��E�fn%��E%�_8 E%� � �Ef�

]
%��E�fn%�_8 E%� ' f�

+45,
Wkh lqhtxdolw| lv gxh wr wkh idfw wkdw %�E%� lv dozd|v ohvv wkdq %�Ef�1 Wkh
odvw htxdolw| lv wkh �uvw0rughu frqglwlrq rq kW ' � xqghu 8 1 Lq frqvhtxhqfh/
d POU0ghwhulrudwlrq lq ulvn uhgxfhv wkh rswlpdo h{srvxuh wr lw iru doo ulvn0
dyhuvh djhqwv1

Vlqfh wkh IVG frqglwlrq lv douhdg| udwkhu uhvwulfwlyh/ wkh POU surshuw|
lv hyhq pruh vr1 Khqfh lw lv zruwk wu|lqj wr h{whqg wkh uhvxow zh kdyh mxvw
vwdwhg1 Iluvw/ revhuyh wkdw rqh fdq uhsodfh wkh prqrwrqlflw| ri � e| d zhdnhu
vlqjoh0furvvlqj frqglwlrq= �E%� pxvw vlqjoh0furvv wkh krul}rqwdo olqh dw �Ef�

8Vhh Dwkh| +4<<:, dqg Jroolhu dqg Vfkohh +4<<:, iru d pruh irupdo gh�qlwlrq1 POU
sod|v d fuxfldo uroh lq lqirupdwlrq wkhru|/ ru lq prghuq lqgxvwuldo hfrqrplfv1 Zkhq wkhuh
lv qr lqirupdwlrq zkhwkhu d udqgrp yduldeoh lv glvwulexwhg dv I ru J/ wkh POU frqglwlrq
phdqv wkdw wkh odujhu wkh rxwfrph {/ wkh pruh olnho| wkh glvwulexwlrq I 1

:



iurp deryh1 Wklv lv lqghhg wkh rqo| wklqj wkdw kdv ehhq xvhg lq wkh surri
+45,1 Wklv vlqjoh0furvvlqj frqglwlrq lv pxfk zhdnhu wkdq POU1

Vhfrqg/ Hhfnkrxgw dqg Jroolhu +4<<8d, frqvlghuhg wkh udwlr ri wkh fxpx0

odwlyh glvwulexwlrqv/ wkdw lv CE%�

8 E%�
dqg frlqhg wkh whup �prqrwrqh suredelolw|

udwlr� +PSU, zkhq wklv h{suhvvlrq lv qrq ghfuhdvlqj lq %1 Dv rqh fdq jxhvv=

�u-,��-, 87(

PSU lv zhdnhu wkdq POU/ exw lv vwloo d vxevhw ri IVG1 Lw fdq eh vkrzq wkdw
wkh vdph frpsdudwlyh vwdwlfv surshuw| krogv xqghu PSU1 Khqfh wkh PSU
frqglwlrq lv fohduo| dq lpsuryhphqw rq wkh POU rqh1

71515 Lqfuhdvhv lq ulvn

Hhfnkrxgw dqg Kdqvhq +4<;3, rewdlqhg d uhvwulfwlrq rq dq lqfuhdvh lq ulvn
wkdw |lhogv wkh ghvluhg frpsdudwlyh vwdwlfv surshuw|1 Wkh| gh�qhg wkh qr0
wlrq ri d �vtxhh}h� ri d ghqvlw|1 Wklv qrwlrq kdv ehhq h{whqghg e| Ph|hu
dqg Ruplvwrq +4<;8, zkr gh�qhg d vwurqj lqfuhdvh lq ulvn +VLU,1 D VLU lv
rewdlqhg zkhq vrph suredelolw| zhljkw lv wdnhq iurp wkh lqlwldo ghqvlw| ri �%
dqg vhqw hlwkhu dw lwv erxqgdulhv ru rxwvlgh wkh lqlwldo vxssruw1 Ph|hu dqg
Ruplvwrq vkrzhg wkdw doo ulvn0dyhuvh djhqwv uhgxfh wkhlu h{srvxuh wr d ulvn
wkdw xqghujrhv d VLU1

Lq wzr vxevhtxhqw sdshuv/ Eodfn dqg Exonoh| +4<;<, dqg Glrqqh/ Hhfn0
krxgw dqg Jroolhu +4<<6, zhdnhqhg wkh qrwlrq ri d VLU1 Frqwudu| wr d VLU/
wkhvh uhvwulfwlrqv doorzv iru wudqvihulqj suredelolw| pdvvhv lqvlgh wkh lqlwldo
vxssruw ri wkh glvwulexwlrq ri �%1 Krzhyhu/ wr pdlqwdlq wkh ghvluhg frpsdud0
wlyh vwdwlfv uhvxow/ wkh| kdg wr pdnh dvvxpswlrqv derxw wkh ehkdylru ri wkh
olnholkrrg udwlr ehwzhhq wkh lqlwldo dqg wkh �qdo ghqvlwlhv1

Dqrwkhu vx!flhqw frqglwlrq iru dq lqfuhdvh lq ulvn wr kdyh dq xqdpeljx0
rxv h�hfw rq kW lv wkh qrwlrq ri d vlpsoh lqfuhdvh lq ulvn/ lqwurgxfhg e|
Glrqqh dqg Jroolhu +4<<5,1 D vlpsoh lqfuhdvh lq ulvn lv dq LU vxfk wkdw 8
vlqjoh0furvvhv C dw % ' f1

Wr frqfoxgh wklv txlfn uhylhz/ ohw xv phqwlrq wkdw pxfk ri wklv uhvhdufk
uhvxowhg iurpD1 Vdqgpr*v glvfxvvlrq +4<:4, ri wkh lpsdfw ri wkh �vwuhwfklqj�
ri d udqgrp yduldeoh1 D vwuhwfklqj ri �% uhvxowv iurp lwv olqhdu wudqvirupdwlrq
lqwr �+ zlwk �+ ' |�% n E� � |�.E�%� dqg | : �1 Wklv wudqvirupdwlrq lv phdq0
suhvhuylqj vlqfh .�+ ' .E�%��1 Wklv lqwxlwlyh qrwlrq zdv odwhu rq jhqhudol}hg
e| Ph|hu dqg Ruplvwrq +4<;<, xqghu wkh whuplqrorj| ri wkh �ghwhuplqlvwlf
wudqvirupdwlrq� ri d udqgrp yduldeoh1 Krzhyhu wr rewdlq lqwxlwlyh frpsdu0
dwlyh vwdwlfv uhvxowv zlwk vxfk wudqvirupdwlrq wkh dvvxpswlrq ri ghfuhdvlqj
devroxwh ulvn dyhuvlrq lv uhtxluhg1

;



Doo wkh sdshuv ghdolqj zlwk vshfldo fdvhv ri hlwkhu IVG ru LU wkdw zh kdyh
vxuyh|hg vr idu vkduh d frpprq wuhqg= rqh vwduwv zlwk udwkhu uhvwulfwlyh vxi0
�flhqw frqglwlrqv wr |lhog wkh ghvluhg frpsdudwlyh vwdwlfv uhvxow dqg wkhq rqh
surjuhvvlyho| uhod{hv wkhp1 Wkh hqgsrlqw ri wkhvh vxffhvvlyh lpsuryhphqwv
lv jlyhq e| d vhw ri qhfhvvdu| dqg vx!flhqw frqglwlrqv wkdw zh qrz suhvhqw1

71516 Wkh qhfhvvdu| dqg vx!flhqw frqglwlrq

Jroolhu +4<<8,dqg Jroolhu +4<<:, sursrvhg d uhyhuvdo lq wkh djhqgd ri uhvhdufk1
Udwkhu wkdq wu|lqj wr uhvwulfw wkh h{lvwlqj vwrfkdvwlf rughuv lq rughu wr rewdlq
dq xqdpeljxrxv frpsdudwlyh vwdwlfv surshuw|/ rqh vkrxog vroyh wkh iroorzlqj
sureohp= zkdw lv wkh vwrfkdvwlf rughu vxfk wkdw doo ulvn0dyhuvh djhqwv uhgxfh
wkhlu h{srvxuh wr wkh ulvn wkdw xqghujrhv vxfk d fkdqjh lq glvwulexwlrqB Kh
frlqhg wkh whup %Fhqwudo Grplqdqfh% +FU, iru lw1

Urwkvfklog dqg Vwljolw} +4<:4, douhdg| wulhg wr vroyh wklv txhvwlrq/ exw
wkhlu vroxwlrq zdv zurqj1 Wkhlu dujxphqw zhqw dv iroorzv= xqghu zklfk
frqglwlrq fdq zh jxdudqwhh wkdw]

%��E�f n %�_CE%� �
]
%��E�f n %�_8 E%� +46,

iru doo lqfuhdvlqj dqg frqfdyh xwlolw| ixqfwlrqvB Xvlqj wkh edvlv dssurdfk
ghyhorshg hduolhu lq wklv sdshu/ wkh frqglwlrq lv wkdw +uhsodfh � e| dq| %plq%
ixqfwlrq,=

] +

%_CE%� �
] +

%_8E%�

iru doo +1 Frqwudu| wr wkh fodlp ri Urwkvfklog dqg Vwljolw} +4<:4,/ wklv frqgl0
wlrq lv vx!flhqw/ exw qrw qhfhvvdu| iru FU1 Lqghhg/ frqglwlrq +46, lv vx!flhqw
exw qrw qhfhvvdu| iru wkh frpsdudwlyh vwdwlfv surshuw|1 Wkh fruuhfw qhfhv0
vdu| dqg vx!flhqw frqglwlrq lv wkdw wkh OKV ri +46, eh qhjdwlyh zkhqhyhu wkh
UKV lv }hur1 Edvlqj wkh dqdo|vlv rq wklv revhuydwlrq/ Jroolhu +4<<8, rewdlqhg
d fruuhfw fkdudfwhul}dwlrq ri FU/ zklfk lv

<6 5 - G ;+ G
] +

%_CE%� �6
] +

%_8E%� +47,

Doo vx!flhqw frqglwlrqv phqwlrqhg deryh duh sduwlfxodu fdvhv ri FU1 Lq0
whuhvwlqjo| hqrxjk/ vwurqj dqg vlpsoh lqfuhdvhv lq ulvn vdwlvi| frqglwlrq +47,
zlwk 6 ' �/ zklfk zdv wkh frqglwlrq sursrvhg e| Urwkvfklog dqg Vwljolw}
+4<:4,1 Exw frqglwlrqv olnh POU/ PSU dqg wkh zhdnhqlqjv ri VLU e| Eodfn
dqg Exnoh| +4<;:, dqg rwkhuv vdwlvi| wkh frqglwlrq zlwk 6 9' �1 Revhuyh
dovr/ zkhuhdv zh douhdg| nqrz wkdw VVG lv qrw vx!flhqw iru FU +vhh wkh qx0
phulfdo frxqwhu0h{dpsohv,/ lw dovr dsshduv wkdw VVG lv qrw qhfhvvdu|1 Wkdw

<



lv/ lw fdq eh wkh fdvh wkdw doo ulvn0dyhuvh djhqwv uhgxfh wkhlu kW diwhu d fkdqjh
zklfk lv qrw d VVG1

8 Wkh frpsdudwlyh vwdwlfv ri edfnjurxqg ulvn

Lq wkh suhylrxv vhfwlrq/ zh h{sodlqhg zk| wkh suhvhqfh ri d edfnjurxqg
ulvn lv xqlpsruwdqw wr ghwhuplqh wkh vljq ri wkh lpsdfw ri d fkdqjh lq wkh
glvwulexwlrq ri wkh frqwuroodeoh ulvn1 Krzhyhu/ wkh edfnjurxqg ulvn kdv dq
lpsdfw rq wkh rswlpdo ydoxh ri wkh h{srvxuh wr �%1

Lq wklv vhfwlrq/ zh gr wkh frpsdudwlyh vwdwlfv dqdo|vlv wkdw lv v|pphwulf
wr wkh rqh shuiruphg lq wkh suhylrxv vhfwlrq1 Zh wdnh wkh glvwulexwlrq ri �%
dv jlyhq dqg zh shuwxuedwh wkh glvwulexwlrq ri edfnjurxqg ulvn �"1 Xs wr qrz/
wkh olwhudwxuh irfxvhg prvwo| rq wkh h�hfw ri lqwurgxflqj d edfnjurxqg ulvn
lq wkh dqdo|vlv1 Rqh frpsduhv wkh vroxwlrq wr surjudp +9, wr wkh vroxwlrq ri

4@ 
k

.�E�f n k�%��

Uhphpehu wkdw/ dv vkrzq e| Sudww +4<97,/ wkh qhfhvvdu| dqg vx!flhqw frqgl0
wlrq iru dq xqdpeljxrxv frpsdulvrq/ lqghshqghqw ri �f dqg wkh glvwulexwlrq
ri �%/ lv wkdw � eh pruh ulvn0dyhuvh wkdq �1 Lq wklv fdvh/ wkh lqwurgxfwlrq ri
d edfnjurxqg ulvn uhgxfhv wkh rswlpdo h{srvxuh wr �%1 Wkxv/ wkh sureohp
vlpsol�hv wr ghwhuplqlqj zkhwkhu

�
.���E5 n �"�

.��E5 n �"�
� �

���E5�

��E5�
+48,

iru doo 51 Li �" lv ghjhqhudwhg dw d qhjdwlyh ydoxh/ wklv frqglwlrq lv mxvw gh0
fuhdvlqj devroxwh ulvn dyhuvlrq +GDUD,1 Exw lw lv orjlfdo wr frqfhqwudwh wkh
dqdo|vlv rq wkh lqwurgxfwlrq ri d sxuh edfnjurxqg ulvn / yl}1 .�" ' f1

Wkh lqwxlwlrq wkdw wkh lqwurgxfwlrq ri d sxuh edfnjurxqg ulvn vkrxog uh0
gxfh wkh rswlpdo h{srvxuh wr rwkhu lqghshqghqw ulvnv fruuhvsrqgv wr wkh
frpprq zlvgrp wkdw lqghshqghqw ulvnv duh vxevwlwxwhv1 Wklv lqwxlwlrq uh0
txluhv dgglwlrqdo uhvwulfwlrqv wr wkh prgho/ dv vkrzq e| wkh iroorzlqj frxqwhu0
h{dpsoh1 Wdnh �E5� ' 4�?E5cDfnf�D5�/ �f ' �f� dqg �% ' E��c f�D(n��bc f�D�1
Zlwkrxw edfnjurxqg ulvn/ rqh fdq frpsxwh kW ' �1 Exw li sxuh edfnjurxqg
ulvn �" ' E�2fcf�D(n2fc f�D� lv dgghg wr zhdowk �f/ wkh djhqw lqfuhdvhv klv
rswlpdo h{srvxuh wr kW ' �f�D�$

Vhyhudo dxwkruv wulhg wr �qg frqglwlrqv rq � wkdw lpsolhv wkdw d sxuh
edfnjurxqg ulvn uhgxfhv kW1 Li �" lv vpdoo/ rqh fdq xvh vhfrqg0rughu Wd|oru
h{sdqvlrqv ri wkh qxphudwru dqg ghqrplqdwru ri wkh OKV ri +48, wr fkhfn
wkdw
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.��E5 n �"�
�' �E5� n f�Dj2

�" d�
��E5�� 2��E5��E5�o � +49,

Wkxv/ d qhfhvvdu| dqg vx!flhqw frqglwlrq iru dq| sxuh vpdoo edfnjurxqg ulvn
wr uhgxfh wkh rswlpdo h{srvxuh wr rwkhu ulvnv lv=

���E5� � 2��E5��E5� ;5� +4:,

Devroxwh ulvn dyhuvlrq pd| qrw eh wrr frqfdyh1 Exw zkdw lv qhfhvvdu| dqg
vx!flhqw iru vpdoo ulvn lv mxvw qhfhvvdu| li rqh zdqwv wkh frpsdudwlyh vwdwlfv
surshuw| wr krog iru dq| ulvn1 Jroolhu dqg Vfdupxuh +4<<7, suryhg wkdw d
vx!flhqw frqglwlrq lv wkdw devroxwh ulvn dyhuvlrq eh ghfuhdvlqj dqg frqyh{1
Wkh surri ri wklv uhvxow lv lpphgldwh1 Lqghhg/ ohw xv gh�qh �E|� ' ��E5 n
|�*.��E5 n �"�1 Lw |lhogv

�.���E5n�"�
.��E5n�"�

' .�E�"��E5 n �"�

' .�E5 n �"� n .E�E�"� � ���E5 n �"�
� �E5 n .�"� n SJ�E�E�"�c �E5 n �"��
� �E5��

+4;,

Wkh �uvw lqhtxdolw| lv d gluhfw dssolfdwlrq ri Mhqvhq*v lqhtxdolw|/ dqg ��� : f1
Wkh vhfrqg lqhtxdolw| frphv iurp wkh idfw wkdw � dqg � duh wzr ghfuhdvlqj
ixqfwlrqv ri "1 Wklv frqfoxghv wkh surri1

Wkh frqyh{lw| ri devroxwh ulvn dyhuvlrq lv frpsdwleoh zlwk lwv srvlwlylw|
dqg lwv ghfuhdvh1 Lw lv dovr dq lqwxlwlyh dvvxpswlrq dv lw phdqv wkdw wkh
ulvn suhplxp wr dq| +vpdoo, ulvn ghfuhdvhv zlwk zhdowk lq d ghfuhdvlqj zd|1
Revhuyh wkdw wkh idploldu xwlolw| ixqfwlrqv zlwk frqvwdqw uhodwlyh ulvn dyhuvlrq
� duh vxfk wkdw �E5� ' �*5/ vr �� 	 f dqg ��� : f1 Wkxv/ wkhuh lv qr
dpeljxlw| ri wkh h�hfw ri edfnjurxqg ulvn iru wklv vhw ri xwlolw| ixqfwlrqv1

Hhfnkrxgw dqg Nlpedoo +4<<5, dqg Nlpedoo +4<<6, rewdlqhg dq dowhu0
qdwlyh vx!flhqw frqglwlrq wkdw wkh| fdoohg %vwdqgdug ulvn dyhuvlrq%1 Ulvn
dyhuvlrq lv vwdqgdug li devroxwh ulvn dyhuvlrq � dqg devroxwh suxghqfh � duh
erwk ghfuhdvlqj lq zhdowk1 Ghfuhdvlqj suxghqfh phdqv wkdw wkh h�hfw rq
vdylqjv ri d ulvn rq ixwxuh lqfrphv lv ghfuhdvlqj zlwk zhdowk1

Jroolhu dqg Sudww +4<<9, rewdlqhg wkh qhfhvvdu| dqg vx!flhqw frqglwlrq
iru d edfnjurxqg ulvn zlwk d qrq0srvlwlyh phdq wr lqfuhdvh wkh dyhuvlrq wr
rwkhu lqghshqghqw ulvnv1 Wkh| frlqhg wkh whup +edfnjurxqg, %Ulvn Yxoqhud0
elolw|%1 Wkh| xvhg d whfkqltxh ri surri wkdw kdv ehhq v|vwhpdwl}hg lq Jroolhu
dqg Nlpedoo +4<<:, wr vroyh rwkhu sureohpv ghdolqj zlwk pxowlsoh ulvnv1

Xs wr qrz/ zh h{dplqhg wkh h�hfw ri lqwurgxflqj d edfnjurxqg ulvn1
Hhfnkrxgw/ Jroolhu dqg Vfkohvlqjhu +4<<9, frqvlghuhg wkh pruh jhqhudo sure0
ohp ri wkh h�hfw ri lqfuhdvlqj wkh edfnjurxqg ulvn/ lq wkh vhqvh ri d IVG ru
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LU vkliw lq glvwulexwlrq1 Lq wkh fdvh ri dq lqfuhdvh lq edfnjurxqg ulvn/ wkh|
vkrzhg wkdw wkh uhvwulfwlrqv wr lpsrvh rq � wr rewdlq dq xqdpeljxrxv h�hfw
rq k� duh pxfk pruh ghpdqglqj wkdq ulvn yxoqhudelolw|1 Ph|hu dqg Ph|hu
+4<<:, uhod{hg wkhvh frqglwlrqv rq � dw wkh frvw ri uhvwulfwlqj wkh fkdqjhv
lq ulvn1 Iru h{dpsoh/ vwdqgdug ulvn dyhuvlrq lv vx!flhqw zkhq olplwlqj wkh
dqdo|vlv wr wkh h�hfw ri d vwurqj lqfuhdvh lq edfnjurxqg ulvn1

9 H{whqvlrqv

Ohw xv jr edfn wr wkh sureohp dqdo|}hg lq vhfwlrq 71 Lqghhg/ wkh h�hfw ri d
fkdqjh lq wkh glvwulexwlrq ri �% dqg wkh h�hfw ri lqwurgxflqj d sxuh edfnjurxqg
ulvn duh qrw zlwkrxw dq| olqn1 Vxssrvh wkdw wkhuh lv qr edfnjurxqg ulvn/ exw
udwkhu wkdw wkh lqfuhdvh lq ulvn lq �% wdnhv wkh irup ri dgglqj dq lqghshqghqw

sxuh zklwh qrlvh �" wr lw1 Wkh ghulydwlyh ri wkh remhfwlyh ixqfwlrq zlwk wkh
qhz ulvn �%n �" hydoxdwhg dw wkh lqlwldo rswlpdo h{srvxuh +qrupdol}hg wr 4, lv
zulwwhq dv

.E�%n �"���E�f n �% n �"� ' .�%��E�f n �%n �"� n .�"��E�f n �% n �"�
' .�%��E�f n �%� n .�"��E�f n �% n �"�
� .�"��E�f n �%n �"�
� f�

+4<,

Wkh �uvw lqhtxdolw| lv rewdlqhg e| xvlqj wkh idfw wkdw kW ' � xqghu wkh
lqlwldo ulvn �%/ wrjhwkhu zlwk wkh idfw wkdw � lv pruh frqfdyh wkdq � xqghu ulvn
yxoqhudelolw|1 Wkh vhfrqg lqhtxdolw| lv d gluhfw frqvhtxhqfh ri wkh idfw wkdw
.�" ' f1 Zh frqfoxgh wkdw ulvn0yxoqhudeoh djhqwv uhgxfh wkhlu h{srvxuh wr d
ulvn wkdw kdv ehhq lqfuhdvhg lq wkh vhqvh ri dgglqj d }hur0phdq lqghshqghqw
zklwh qrlvh wr lw1 Wklv uhvxow lv lq Jroolhu dqg Vfkohvlqjhu +4<<9,1

Wkh uhfhqw ghyhorsphqwv ri wklv �hog ri uhvhdufk kdyh ehhq pdgh wr h{whqg
wkh edvlf prgho +4, wr pruh wkdq rqh vrxufh ri hqgrjhqrxv ulvn1 Odqgvehujhu
dqg Phlolmvrq +4<<3,/ Ph|hu dqg Ruplvwrq +4<<7, dqg Glrqqh dqg Jroolhu
+4<<9, frqvlghuhg wkh wzr0ulvn|0dvvhw sureohp/ zklfk lv zulwwhq dv=

4@ 
k

.�E�f n k�%� n E� � k��%2��

Wkhvh dxwkruv ghwhuplqhg zkhwkhu lpsrvlqj POU/ VLU ru rwkhu uhvwulfwlrqv
rq wkh fkdqjh lq wkh frqglwlrqdo glvwulexwlrq ri �%� jhqhudwhv wkh vdph frq0
foxvlrq lq wklv pruh jhqhudo frqwh{w1 Qrwlfh wkdw uhzulwwlqj �qdo zhdowk dv
�f n kE�%� � �%2� n �%2 vxjjhvwv wkdw wklv sureohp lv vlplodu wr wkh lqlwldo rqh/
zlwk d frqwuroodeoh ulvn +�%� � �%2,/ dqg d %edfnjurxqg% ulvn �%21 Exw wkh wzr
ulvnv duh khuh fruuhodwhg1
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Dqrwkhu olqh ri uhvhdufk lv uhodwhg wr wkh pdqdjhphqw ri pxowlsoh hqgrjh0
qrxv ulvnv/ d sureohp zklfk fdq eh irupxodwhg dv iroorzv=

4@ 
k�c���ck?

.�E�f n
?[
�'�

k��%���

Glrqqh dqg Jdjqrq +4<<9, irfxvhg rq wkh fdvh ? ' 2/ zklfk fruuhvsrqgv wr
wkh pdqdjhphqw ri d sruwirolr zlwk wzr ulvn| dvvhwv dqg rqh ulvniuhh dvvhw1
Hhfnkrxgw/ Jroolhu dqg Ohydvvhxu +4<<7, h{dplqhg wkh fdvh zkhuh wkh �%� duh
l1l1g1/ lq zklfk fdvh doo kW

� duh wkh vdph1 Wkh| dgguhvvhg wkh txhvwlrq ri krz
kW lv d�hfwhg e| dq lqfuhdvh lq ?1 Dv dq dssolfdwlrq/ zh kdyh wkh rswlpdo
vwudwhj| ri dq djhqw zkr kdv wr lqvxuh d  hhw ri yhklfxoh1 Jroolhu/ Olqgvh|
dqg ]hfnkdxvhu +4<<:, vkrzhg wkdw dq lqfuhdvh lq ? uhgxfhv kW li uhodwlyh
ulvn dyhuvlrq lv frqvwdqw dqg ohvv wkdq xqlw|1

: Frqfoxvlrq

Vwrfkdvwlf grplqdqfh rughuv kdyh ehhq gh�qhg wr ghwhuplqh wkh h�hfw ri
d fkdqjh lq ulvn rq wkh zhoiduh ri vrph fdwhjru| ri hfrqrplf djhqwv1 Lw lv
qrz dssduhqw wkdw wkhvh frqfhswv duh qrw zhoo vxlwhg wr shuirup frpsdudwlyh
vwdwlfv dqdo|vhv1 Dv dq h{dpsoh/ dq lqfuhdvh lq ulvn ã od Urwkvfklog0Vwljolw}
rq wkh uhwxuq ri d ulvn| dvvhw pd| lqgxfh vrph ulvn0dyhuvh djhqwv wr lqfuhdvh
wkhlu ghpdqg iru lw1 Dovr/ dq lqfuhdvh lq edfnjurxqg ulvn ã od Urwkvfklog0
Vwljolw} pd| lqgxfh vrph ulvn0dyhuvh djhqwv wr udlvh wkhlu ghpdqg iru dqrwkhu
lqghshqghqw ulvn1 Lq wklv sdshu/ zh vxppdul}h wkh pdlq �qglqjv wkdw doorz wr
vroyh wkhvh sdudgr{hv1 Zh wulhg wr frqylqfh wkh uhdghu wkdw prvw uhvwulfwlrqv
wr suhihuhqfhv ru wr vwrfkdvwlf rughuv pdnh vhqvh hyhq li vrph duh udwkhu
whfkqlfdo1

Zh h{dplqhg d vlpsoh prgho zlwk d vlqjoh vrxufh ri hqgrjhqrxv ulvn/
soxv d edfnjurxqg ulvn1 Zh vhsdudwho| frqvlghuhg wkh fdvh ri d fkdqjh lq wkh
glvwulexwlrq ri wkh hqgrjhqrxv ulvn/ dqg wkh fdvh ri d fkdqjh lq edfnjurxqg
ulvn1 Wkh fxuuhqw wuhqgv lq wklv �hog lv iru wkh dqdo|vlv ri pxowlsoh ulvn
wdnlqj vlwxdwlrqv/ lq zklfk wkhvh wzr dqdo|vhv duh riwhq frpelqhg wr surgxfh
qhz uhvxowv1 Pxfk surjuhvv pxvw eh vwloo grqh rq rxu xqghuvwdqglqj ri wkh
lqwhudfwlrq ehwzhhq ulvnv/ exw zh qrz kdyh wkh uhohydqw wrrov dqg frqfhswv
wr shuirup wklv zrun h!flhqwo|1
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Eleolrjudsk|

Dodulh/ \1/ J1 Glrqqh dqg O1 Hhfnkrxgw/ +4<<5,/ Lqfuhdvhv lq ulvn
dqg wkh ghpdqg iru lqvxudqfh/ lq Frqwulexwlrqv wr Lqvxudqfh

Hfrqrplfv/ Glrqqh hg1/ Noxzhu Dfdghplf Suhvv1

Dwkh|/ V1/ ^4<<:`/ Frpsdudwlyh vwdwlfv xqghu xqfhuwdlqw|= vlqjoh
furvvlqj surshuwlhv dqg orj0vxshuprgxodulw|/ plphr/ PLW1

Eodfn/ M1 dqg J1 Exonoh|/ ^4<;<`/ D Udwlr Fulwhulrq iru Vljqlqj wkh
H�hfwv ri dq Lqfuhdvh lq Xqfhuwdlqw|/ Lqwhuqdwlrqdo Hfrqrplf
Uhylhz/ 63/ 44<04631

Fkhqj/ K1F1/ P1 Pdjloo dqg Z1 Vkdihu/ ^4<;:` Vrph Uhvxowv rq
Frpsdudwlyh Vwdwlfv xqghu Xqfhuwdlqw|/ Lqwhuqdwlrqdo Hfr0

qrplf Uhylhz/ 5;/ 7<6083:1

Glrqqh/ J1/ O1 Hhfnkrxgw dqg F1 Jroolhu/ ^4<<6`/ Lqfuhdvhv lq
Ulvn dqg Olqhdu Sd|r�v/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/ 67/
63<064<1

Glrqqh/ J1 dqg I1 Jdjqrq/ ^4<<9`/ Lqfuhdvhv lq Ulvn dqg Rswlpdo
Sruwirolr/ plphr/ Xqlyhuvlwì gh Prqwuìdo1

Glrqqh/ J1 dqg F1 Jroolhu/ ^4<<5`/ Frpsdudwlyh Vwdwlfv xqghu
Pxowlsoh Vrxufhv ri Ulvn zlwk Dssolfdwlrqv wr Lqvxudqfh Gh0
pdqg/ Wkh Jhqhyd Sdshuv rq Ulvn dqg Lqvxudqfh Wkhru|/ 4:/
540661

Glrqqh/ J1 dqg F1 Jroolhu/ ^4<<9`/ D Prgho ri Frpsdudwlyh Vwdw0
lfv iru Fkdqjhv lq Vwrfkdvwlf Uhwxuqv zlwk Ghshqghqw Ulvn|
Dvvhwv/ Mrxuqdo ri Ulvn dqg Xqfhuwdlqw|/ 46/ 47:04951

Grkhuw|/ Q1 dqg K1 Vfkohvlqjhu/ ^4<;6`/ Rswlpdo Lqvxudqfh lq Lq0
frpsohwh Pdunhwv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ <4/ 43780
43871

Hhfnkrxgw/ O1 Dqg P1V1 Nlpedoo/ +4<<5,/ Edfnjurxqg ulvn/ sux0
ghqfh/ dqg wkh ghpdqg iru lqvxudqfh/ lq Frqwulexwlrqv wr Lq0

vxudqfh Hfrqrplfv/ Glrqqh hg1/ Noxzhu Dfdghplf Suhvv1

Hhfnkrxgw/ O1/ F1 Jroolhu dqg P1 Ohydvvhxu/ ^4<<7`/ Wkh Hfr0
qrplfv ri Dgglqj dqg Vxeglylglqj Lqghshqghqw Ulvnv= Vrph
Frpsdudwlyh Vwdwlfv Uhvxowv/ Mrxuqdo ri Ulvn dqg Xqfhuwdlqw|/
;/ 658066:1
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Hhfnkrxgw/ O1 dqg F1 Jroolhu/ ^4<<8`/ Ulvn= Hydoxdwlrq/ Pdqdjh0

phqw dqg Vkdulqj/ Khduyhvwhu Zkhdwvkhdi/ 67: sdjhv1

Ilvkexuq/ S1 dqg E1 Sruwhu/ ^4<:9`/ Rswlpdo Sruwirolrv zlwk Rqh
Vdih dqg Rqh Ulvn| Dvvhw= H�hfwv ri Fkdqjhv lq Udwh ri
Uhwxuq dqg Ulvn/ Pdqjhphqw Vflhqfh/ 55/ 4397043:61

Jroolhu/ F1/ ^4<<8`/ Wkh Frpsdudwlyh Vwdwlfv ri Fkdqjhv lq Ulvn
Uhylvlwhg/ Mrxuqdo ri Hfrqrplf Wkhru|/ 99/ 85508691

Jroolhu/F1/ ^4<<:`/ D Qrwh rq Sruwirolr Grplqdqfh/ Uhylhz ri Hfr0

qrplf Vwxglhv/ 97/ 47:04831

Jroolhu/ F1/ Olqgvh|/ M1 dqg U1M1 ]hfnkdxvhu/ ^4<<:`/ Lqyhvwphqw
Ioh{lelolw| dqg wkh Dffhswdqfh ri Ulvn/ Mrxuqdo ri Hfrqrplf
Wkhru|/ iruwkfrplqj1

Jroolhu/ F1/ dqg M1Z1 Sudww/ ^4<<9`/ Ulvn Yxoqhudelolw| dqg wkh
Whpshulqj H�hfw ri Edfnjurxqg Ulvn/ Hfrqrphwulfd/ 97/ 443<0
44561

Jroolhu/ F1 dqg S1 Vfdupxuh/ ^4<<7`/ Wkh Vslooryhu H�hfw ri Frp0
sxovru| Lqvxudqfh/ lw Wkh Jhqhyd Sdshuv rq Ulvn dqg Lqvxu0
dqfh Wkhru|/ 4</ 560671

Jroolhu/ F1 dqg H1H1 Vfkohh/ ^4<<:`/ Lqfuhdvhg Ulvn Wdnlqj zlwk
Pxowlsoh Ulvnv/ plphr/ Xqlyhuvlw| ri Wrxorxvh1

Jroolhu/ F1 dqg K1 Vfkohvlqjhu/ ^4<<9`/ Sruwirolr Fkrlfh Xqghu
Qrlv| Dvvhw Uhwxuqv/ Hfrqrplfv Ohwwhuv/ 86/ 7:0841

Kdgdu/ M1 dqg Z1 Uxvvhoo/ +4<9<,/ Uxohv iru rughulqj xqfhuwdlq
survshfwv/ Dphulfdq Hfrqrplf Uhylhz/ 8</ 580671

Kdgdu/ M1 dqg W1N1 Vhr/ ^4<<3`/ Wkh H�hfwv ri Vkliwv lq d Uhwxuq
Glvwulexwlrq rq Rswlpdo Sruwirolrv/ Lqwhuqdwlrqdo Hfrqrplf
Uhylhz/ 64/ :540:691

Kdug|/ J1K1/ Olwwohzrrg/ M1H1 dqg Sro|d/ J1/ ^4<5<`/ Vrph Vlp0
soh Lqhtxdolwlhv Vdwlv�hg e| Frqyh{ Ixqfwlrqv/ Phvvhqjhu ri

Pdwkhpdwlfv/ 8;/ 47804851

Nlkovwurp/ U1/ G1 Urphu dqg V1 Zlooldpv/ ^4<;4`/ Ulvn Dyhuvlrq
zlwk Udqgrp Lqlwldo Zhdowk/ Hfrqrphwulfd/ 7</ <440<531

Odqgvehujhu/ P1 dqg L1 Phlolmvrq/ ^4<<3`/ Ghpdqg iru Ulvn| Il0
qdqfldo Dvvhwv= D Sruwirolr Dqdo|vlv/ Mrxuqdo ri Hfrqrplf
Wkhru|/ 45/ 6;306<41
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Ohy|/ K1/ ^4<<5`/ Vwrfkdvwlf Grplqdqfh dqg H{shfwhg Xwlolw|=
Vxuyh| dqg Dqdo|vlv/ Pdqdjhphqw Vflhqfhv/ 6;/ 88808<61

Ph|hu/ G1M1 dqg M1 Ph|hu/ +4<<;,/ Fkdqjhv lq edfnjurxqg ulvn
dqg wkh ghpdqg iru lqvxudqfh/ Wkh Jhqhyd Sdshuv rq Ulvn

dqg Lqvxudqfh Wkhru|/ 56/ 5<0731

Ph|hu/ M1 dqg P1 Ruplvwrq/ ^4<;8`/ Vwurqj Lqfuhdvhv lq Ulvn dqg
wkhlu Frpsdudwlyh Vwdwlfv/ Lqwhuqdwlrqdo Hfrqrplf Uhylhz/
59/ 758076:1

Ph|hu/ M1 dqg P1 Ruplvwrq/ ^4<;<`/ Ghwhuplqlvwlf Wudqirupdwlrq
ri Udqgrp Yduldeohv dqg wkh Frpsdudwlyh Vwdwlfv ri Ulvn/
Mrxuqdo ri Ulvn dqg Xqfhuwdlqw|/ 5/ 4:<04;;1

Plojurp/ S1/ ^4<;4`/ Jrrg Qhzv dqg Edg Qhzv= Uhsuhvhqwdwlrq
Wkhruhpv dqg Dssolfdwlrq/ Ehoo Mrxuqdo ri Hfrqrplfv/ 45/
6;306<41

Ruplvwlrq/ P1E1 dqg H1H1 Vfkohh/ ^4<<6`/ Frpsdudwlyh Vwdwlfv
xqghu Xqfhuwdlqw| iru d Fodvv ri Hfrqrplf Djhqwv/ Mrxuqdo ri
Hfrqrplf Wkhru|/ 94/ 74507551

Sudww/ M1/ ^4<97`/ Ulvn Dyhuvlrq lq wkh Vpdoo dqg lq wkh Odujh/
Hfrqrphwulfd/ 65/ 45504691

Urwkvfklog/ P1 dqg M1 Vwljolw}/ ^4<:3`/ Lqfuhdvlqj Ulvn= L1 D Gh�0
qlwlrq/ Mrxuqdo ri Hfrqrplf Wkhru|/ 5/ 55805761

Urwkvfklog/ P1 dqg M1 Vwljolw}/ ^4<:4`/ Lqfuhdvlqj Ulvn= LL Lwv Hfr0
qrplf Frqvhtxhqfhv/ Mrxuqdo ri Hfrqrplf Wkhru| 6/ 990;71

Vdqgpr/ D1/ ^4<:4`/ Rq wkh Wkhru| ri wkh Frpshwlwlyh Ilup xq0
ghu Sulfh Xqfhuwdlqw|/ Dphulfdq Hfrqrplf Uhylhz/ 94/ 980:61
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