Chapter 10
GNVMM In Explicit

Piscount Factor Models
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2 Tn__f"- pricing model predicts
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E(pt) E(m(datam, parameters)x..,)

IE most patural way to check this prediction Is to
X amine sample averages l.e. to calculate

= _Z D, and Z[m(datat+1 paramenters)Xx. |

sample averages as close to each other as
possible.
* |t suggests that we evaluate the model by looking

at how clese the sample averages of price and
discounted payoff are to each other.




> RO xample use GI\/II\/I method to estimate
£ 1

Idegrees of freedom ofi t distribution.
Y(yt V)= 74(v+1)/2] L+ (y2 )T 2

== he second momen% of t distribution Is:
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= '_ T =v/(V=2)
the forth moment of t distribution IS:

U, = E(Yt4) x .
(v—2)(v—-4)




> i vvf" 10 choice the degrees freedom
irlel make the second moment and the forth
mc Nent close to the second moment and! the

Q(V;yr;-iY,) =09'Wg

where w IS one of (2*2) matrix,

g:

U

= rth moment ofi sample,we need mlnlmlze
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= (v-2)(v—4)

SRR Jie
=

T

=¥

* When you want to go on GMM estimation,you =
need find one map g satisfy E(g)=0
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> Diseougifasiomgaclelsinvelessee
urg; foewn parameters | write m..,(0),so any
,u\ et PrIcing model implies:

= ECp,) = E[m,,,(b)X,,,]

=== Tt S easiest to write this equation in the form

: E[m, ,(b)%.;— p]=0
There xand P are vector.we typically check

whether a model for m can price a number
of assets simultaneously.




S| convenient to define'the errors (@S
ErenIect whese mean sheuldyee zerer ™
2 ut+_1 (b) =2 (b) X1~ Py
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PESINE 6: () asithe sample mean or the
err@ e

_-'__ T(b) Z u (b) - ET [ut(b)] 2 ET[mt+1(b)Xt+1 > pt]
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'-'_ J _he second eguality introduces the handy
~ notation E, for sample means




SMIMENINST Stage estimaterof b minimizes a
JUEdralic formiofithe: sampleNmean of the

I0)S; w— — ’
ATy )—W—g;(b)

IRseme arbitrary matrix 1/ >This estimate is
C o S|stent and asymptotically normal.

|ng b, ,form an estimate S of
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=~ S5 Z E[u, (b)u, ;(b)'
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i Form a second stage estimate b, using the
matrix S inthe quadratic form:

b, =argmin, g, (b)’'S *g, (b)




. ma consistent, asymptotically
Siermal; and asymptoticallyseiiCIEnt ==
RESimate of e parameter Vector: b.

o Y Ereta i arlasiaie TelEin | ,.a.S_.th,e._

Sinaliest Varance-covariance matrix

""among all estimators that set different
SliRear combinations of g, () to zero.

-

.,__"j' Jiie variance-covariance matrix &f
= IS var(b,) = T—(d’S gyt

_ 09, (b)
where d = —




* This %ance covariance matrix can be. used to test:
Whether a parameter Or group; of parameters GIgS

4 equal 01 ZEro; Vide b, N

Jvar(b) .

c - - ’ = —

- - ya
0;[var(by )]0, ~ 7" inciuded b)

-Where b, = subvector . var(b); = submatrix .
SERall, the test of overidentifying restrrctrons IS a test

cl

_'" - = of the overall fit of the model. the minimized value of
& the second-stage objective is distributed »* with
degrees of freedom equal to the number of moments
less the number of estimated parameters.

H==1 rrtrbl}n[gT(b)S "0 (b)] ~ x° (#moments — # parameters)
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_ Prlcmg errors
) r emoment conditions

g (0)=E[m,0)x.]-Eln]

2 ,.;} EpICKk parameters so that the model’s
= predlcted prices are as close as possible to the

==

._:3 == dctual prices.

— ¢ \We can evaluate the model by how large these
Pricing error are.

Do we have other method to evaluate the
model?




MiiNiENanguage of expected retiis

B cov(m, R)

_""_ E (R

E(m)
vvw ARIrite the pricing error as

e

B o= E(mR) = EmER)- (L)

== ) 1/R(#actual mean return — #predicted mean
| turn)

beta language
E(Rei) =Q; T ,Bi,/1

we can write the prlcmgl error as
g(b) =




=St Stage: Estimates

Weli ke torpick b (0] make everny elemem - 6;(0)=0

ur r Jere are usually moere moment conditions (returns
'rJrrr NStiiMmeEnts) than there are parameters.

e Hoose b to make the pricing error9 (®) as small as
=0 SSIb|e Py MinimIzing a quadratic form

min g, (b)Wg, (b)
D W IS-a weighting matrlx that tells us how much attention
16r pay tor.each moment.

* \Wheng. (b)is nonlinear function of b,you can use a
numerical search to find the value of b.
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econd-Stage EstimatesaWihiy™ S
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BENVEIGHtInG matrix difects GMM to emphasize
SEINENMomeEnts or linear combinations of
rru HERLS al the expense ofi others.

e _E e second —sfage estimate picks a weighting
— atrlx Pased on statistical considerations.

-l—"_-—"_

— S \We should pay less attention to pricing errors
~  fremi asset with high variance of pricing errors.

* One could implement this idea by using a matrix
composed of inverse variances of g.(b) on
the diagonal.
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Exo gliing|the assumption that E(P) 055 AN e
WACIREN (S statlonary Wwe have'

U = Vdll—
B .

t=1

o —_l—_l—z[TE(UtUt,) i (T —1)(E(utut’_1) . E(utut,+1)) e ]

T>40 T-)/T->L SO

—

R 1 1
= var(g,) — = = Z E(tEy= T

=—00

'”The |last equality denotes S,known as the
- spectral density matrix at frequency zero of u, .

s \When the UY: are uncorrelated over time ,the
previous equatlon reduces to

Var( Z ut+1) = E( )

var(u)
=g
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3 Hansen(1982) SHGWS formally that the choice
- Yi a1 S=) E(u;),
Sigle statlstlcally optimal Weighing matrix.

It mean that It produces estimates with lowest
-—asym piotic variance.

_° e first- and second-stage estimates are all

~ consistent. But the second-stage Is more
efficient, meaning that sampling variation in
the estimated parameters is lower.

s |f we consider the mean of economic,we
usually use the first-stage estimates.




S StandardrErrenss

B J"ri-an Ul asierthe stancart erne) Ol ihe
sr_" ate
-' var(b )——(d'S e S

) JF ppose there Is only one parameter and one

Siement. S/T IS the variance matrix of the
.g..:-zmoment g, (b) . d* isSt---  .Thenthe

,
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“delta method formula gives
ob

if
Var(bz) i ?Gg ar(g T) 89
T T

* The delta method mean that the asymptotic
variance of f(x) IS f’(x)?var(x)




Jr [ est

e J. test aSKS Whether the pr|C|hg erfror are

orr by statistical standards — Ifi the model is
rrt a)

B Tl0,(0)'S 5, (5)] - 2 (Hroments—# peranetery

_.l :-—--'
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== The reduction in degrees of freedom corrects for
the fact that S is really the covariance matrix of Yr
for fixed b.
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NeliEenaRstimentsrancrReturAs

° l\/IJJr f the gfifertinvelved with GMIVITIS simply
HENPIERaigIven problem into the very general
norgug_e IAfthe asset pricing model,we can use
rm uatlon

""-':-*—-*‘ =3 ( M, 1 X1 — pt) =0

—

| ..-u---".:ll...._c- —
= .

_._We often test asset pricing models using returns, In
“Which case the moment conditions are

E(m R..-1)=0

* It Is common to add instruments as well.
Mechanically, you can multiply both sides of

1= Et (mt+1 (b) Rt+l)

t+1" ‘t+1




0 any Varianle obzserved at time ¢ befere iaking
LfICY; clfije)gret expectatlons iesuitingNn

= E(Z ) E(mt+1(b) Rt+lz )
Y NESSIOIE e SUININE(E =0 orm
o U= E{[mt+lRt+1 _1] Zt}

W Bicanido this for a whole vector of returns and

—

— Etruments, multiplying each return by each
g;ﬂvmstrument

..—-—
By i
——

= S Eor example, if we start with two returns R=[R* R"]
~~ and one instrument z, the equation looks like

t+l (b) Rt+l 1 O
t+l (b) Rt+1 1 O
m,.,(b) Ril Z 0
t+1 (b) t+1 _| : O

E -

— —
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MUSIH0 ihe Kronecker product® “meaning
gat| lply everny element by every other element”
vvf Can @enote the same relation compactly by

._~ E{[mt—l—l Rt+1 % 1] ® Zt} = O

_.l ‘:—--'
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By il -

el — -.
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SENECASt Enren and Instiuments™

15t e gt cliscotigiiell

u __ =m_,R -1 represents a forecast error.

Eiiie any/ forecast error, Yi.1 should be conditionally and
-J condltlonally Mean zero.

==l3 an econometric context, Z is an instrument .It should be

:-—-
—

= Uncorrelated with the error U,

.' *Adding instruments basically checks that the ex-post
discounted return is unforecastable by linear regressions.

* [ffaniasset’s return is higher than predicted when Z,
unusually high, but not on average,scaling by Z; will pick
up this feature of the data.




Gnaritysand distikiiens™

The ( SIVIVI dlstrlbutlon theory does require m-< ps
£l az MUSt e stationary randem varnables.

2 *|st|cal definition of stationarity Is that the joint
= astrlbutlon ofi %% ;depends only on 5 and not

= ont.
= Sample averages must converge to population

means as the sample size grows, and
stationarity Implies this result.

* Assuring stationarity usually amounts to a choice
of sensible units.
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* For e mple We could express the prlcmg ofa .
DEOC}’ -aS E [mt+1(dt+1 = pt+1)] —
Jtyatifefple e \WiSeto de, se; [For stocks, prand d
IEENGVEr time and so are typically not stationary;
ir le ncondltlonal means are not defined.

2 Jr r etter e divide by P.and express the model as

e T
= 1=E m,, 2 P E(m R )

= A-ﬁ‘he stock returniis ploau5|bly stationary.

= e Pividing by dividends Is an alternative and | think
tunderutilized way to achieve stationarity.

% =E[m, (1+ gm) dm]

t t+1 dt
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- Piis dt+l pt
NOWAWESmap, @+ ;=)= into *. and b DD e

iSsienLation allowsss Lo focus on pTlces iather
thizif) e pEeliod retunns.

oridl grigesegohyle 45100 NGL grow over time.so it
munr—c all gt to examlne

'_?- E(mt+1 )
-~ 5__:}5 ONArty. IS not always a clear-cut questioniin

Spractice. As variables become less stationary, as
-"Ehey experience longer swings in a sample, the

~ asymptotic distribution can becomes a less reliable
“guide to a finite-sample distribution.

* |Viany econometric technigues reguire assumptions
about distributions. GMM do not include the usual
assumptions







