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‘ Approaches to Derivatives Valuation

m Trees
= Monte Carlo simulation

» Finite difference methods
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Binomial Trees

Binomial trees are frequently used to
approximate the movements in the price of a
stock or other asset

In each small interval of time the stock price is
assumed to move up by a proportional
amount ¥ or to move down by a proportional
amount d
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‘ Movements in Time At

Su

Sd
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‘ Tree Parameters for asset paying

a dividend yield of q

Parameters p, u, and d are chosen so that the tree gives correct
values for the mean & variance of the stock price changes in a
risk-neutral world

Mean: e 94 = py + (1-p)d
Variance: oAt =pu? + (1—p )d? — e?r-DN

A further condition often imposedisu =1/d
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Tree Parameters for asset

paying a dividend yield of q

(continued)

When At is small a solution to the equations is

U :e"m
d :e_G*/A_’
a—d
p:
u—d
q = el DM
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The Complete Tree
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Backwards Induction

We know the value of the option at the
final nodes

We work back through the tree using risk-
neutral valuation to calculate the value of
the option at each node, testing for early
exercise when appropriate
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Example: Put Option

Sy =50; K=50; r=10%; o =40%;
T = 5 months = 0.4167; At =1 month = 0.0833

In this case

a :e().'l><1/12 :10084
u=e’*V% =1.1224

d = l: 0.8909

u
- 1.0084 - 0.8909
1.1224 - 0.8909

p =0.5073
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Example

At each node:

Upper value = Underlying Asset Price 89.07
Lower value = Option Price 0.00
Values in red are a result of exercise. 79.35
0.00
70.70 70.70
0.00 0.00
62.99 62.99
0.64 0.00
56.12 56.12 56.12
2.16 1.30 0.00
50.00 50.00 50.00
4.49 3.77 2.66
44.55 44.55 44.55
6.96 6.38 5.45
39.69 39.69
10.36 10.31
35.36 35.36
14.64 14.64
31.50
18.50
28.07
21.93
Node Time:
0.0000 0.0833 0.1667 0.2500 0.3333 0.4167
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Calculation of Delta

Delta is calculated from the nodes at time At

Delta = 216696 =—-0.41

56.12 -44.55
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Calculation of Gamma

Gamma is calculated from the nodes at time 2At¢

0.64 —3.77 3.77-10.36

A, = =—024; A, = 0

L 6299-50 50—39.69

A=Ay _ 0.03
11.65

AN

=0.5(62.99-50)+0.5(50-39.69)

Gamma =
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Calculation of Theta

Theta is calculated from the central nodes at times 0

and 2At

Theta=>""—*% __43 per year

0.1667
or -0.012 per calendar day
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Calculation of Vega

We can proceed as follows

Construct a new tree with a volatility of 41%

instead of 40%.
Value of option is 4.62

Vega is
462—-449=0.13

per 1% change in volatility
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Trees for Options on Indices, Currencies
and Futures Contracts

As with Black-Scholes-Merton:

> For options on stock indices, g equals the dividend yield
on the index

> For options on a foreign currency, g equals the foreign
risk-free rate

> For options on futures contracts ¢ = r
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‘ Binomial Tree for Stock Paying
Known Dividends Yield

Sou>(1 — 8)

Sod(1 — &)

Sod?(1 — &)

T Sod3(1 — )

Sou(1 — 8)
Sou?(1 — 8)
So(1 - 8)

Sod*(1 — 8)
Sod*(1 — 8)
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‘ Binomial Tree for Stock Paying

Known Dividends

Ex-dividend date
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Binomial Tree for Stock Paying Known
Dividends

Procedure:

» Construct a tree for the stock price less the
present value of the dividends

> Create a new tree by adding the present value of
the dividends at each node

This ensures that the tree recombines and
makes assumptions similar to those when the

Black-Scholes-Merton model is used for

European options
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Control Variate Technique

Value American option, f,

Value European option using same tree, f

Value European option using Black-Scholes —

Merton, fp
Option price =f,+(fzs — f£)
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Alternative Binomial Tree

Instead of setting u = 1/d we can set each of
the 2 probabilities to 0.5 and

1 = e(r—q—02 /2)At+0x/A_t

d _ e(r—q—c52 /2)Al‘—6\/A_l‘
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Trinomial Tree

Su
u =V d=1/u Pu
LY r—G—z n D
P22l "2 76 S m_, g
_2
P 3
d
R r—G—z A
PamV1etl 2 )76 SJ
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Time Dependent Parameters in a
Binomial Tree

= Making 7 or g a function of time does not affect the
geometry of the tree. The probabilities on the tree
become functions of time.

To make r and ¢ (or ry) a function of time in a Cox-Ross-Rubinstein binomial tree,
we set

q = fO-9t (20.11)

for nodes at time t, where f(t) is the forward interest rate between times t and t 4 At
and ¢(t) is the forward value of ¢ (or ry) between these times. This does not change the
geometry of the tree because u and d do not depend on a. The probabilities on the
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Time Dependent Parameters in a
Binomial Tree

We can make 0 a function of time by making the
lengths of the time steps inversely proportional to
the variance rate. The values of u and d are then
always the same and the tree recombines.
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‘ Monte Carlo Simulation and 7

= How could you calculate © by randomly sampling
points in the square?

2
N

Copyright © 2018 Zhenlong Zheng

24



Monte Carlo Simulation and Options

When used to value European stock options, Monte Carlo
simulation involves the following steps:

1. Simulate 1 path for the stock price in a risk neutral
world

2. Calculate the payoff from the stock option

3. Repeat steps 1 and 2 many times to get many sample

payoffs
4., Calculate mean payoff

5. Discount mean payoff at risk free rate to get an estimate
of the value of the option
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Sampling Stock Price Movements

In a risk neutral world the process for a stock
price 1s
dS =nS dt+oS dz

We can simulate a path by choosing time steps
of length At and using the discrete version of

this
AS =S At + oS e~/At

where € is a random sample from ¢(0,1)
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A More Accurate Approach

Use
dInS = (ﬁ—62/2)dt+6dz
The discrete version of thisis
InS(t+Af)—InS(1) = (i— > /2) At + oe VAL
or

S(t-+ A1) = S(p) el 2 e
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Extensions

When a derivative depends on several underlying
variables we can simulate paths for each of them
in a risk-neutral world to calculate the values for
the derivative
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Sampling from Normal Distribution

= In Excel =ENORMSINV(RAND()) gives a
random sample from ¢(0,1)
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To Obtain 2 Correlated Normal
Samples

Obtain independent normal samples x, and x,
and set

&1 =Xy

g5 = px; +Xp4/1-p°

Use a procedure known as Cholesky’s
decomposition when samples are required from
more than two normal variables (see page 473)
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Standard Errors in Monte Carlo
Simulation

The standard error of the estimate of the option
price is the standard deviation of the discounted
payoffs given by the simulation trials divided by the

square root of the number of observations.
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Application of Monte Carlo Simulation

Monte Carlo simulation can deal with path
dependent options, options dependent on several
underlying state variables, and options with

complex payoffs

It cannot easily deal with American-style options
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Determining Greek Letters

For A:

1. Make a small change to asset price

2. Carry out the simulation again using the same
random number streams

3. Estimate A as the change in the option price
divided by the change in the asset price

Proceed in a similar manner for other Greek letters
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Variance Reduction Techniques

Antithetic variable technique (X8 & 23
)

Control variate technique

Importance sampling CHEAEHB 70 AS F 41D
Stratified sampling (73 ZHIFE, FHAEIREL
L)

Moment matching

Using quasi-random sequences (~“F-574H
FED
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Antithetic variable technique

« B—RBERGEH b, TEBRANRBNE © REBFE ok
HHAFEf, REHE FPHA G F TS, X
FAE NIRRT 3| A BMAL R f, Ao f, 69 T 3914

¥ B—REMFH—/ A TEEAEAN, H—MELR
ik, RZIFR, M K KEAKT £,
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Control variate technique

M YR RREG T ERONEE, A&

EXCE
EED

1, TR KNI, BIUER
HE R B R A RIAR I B AL <

fa=fi—fe+fp
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‘ Importance sampling

¥ EA TR KI5 ZME LR KGER, thde
— NRERAL B TR, KI5 HBA LG LfE AR
o BT R LIAR AT T T 492 B A KT H
AT A& 3642, B EZRAR AN, ZHEFT
YN T A RT R, Mdmheik T sk,

« RIGMNEEZRAFTIERHEINTFHELEZ/FRE (F
BB BIGE) | AT I AL 6 R L A
18 o
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Stratified sampling

e e I T IS TVC P IN S
 FARIE T 69 MR R INEE AN 8] 15 o AR

x ARILBFAELI0AT Ak A A4 69 X 8], A 7 E 37T
VATt A BN Fa P ARy K& 5 10%

x de RAERKBRBORERS, RAHTRAEEANR A
A9 A8 3R PALEAE iz X 8] 94K AR R, XA
T AR SEIEF R

% 5~ JLM. Curran, “Strata Gems,” RISK, (March 1994), 70-
71; B. Moro, “The Full Monte,” RISK, (February 1985), 57-
58.
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‘ Moment matching

% FTATEIES 9 P A ROy R FAT R &, 4
H—M4E. —M4EL 2 5 H-454R T B,

% B RSB BLE T AT A B b, 1228 TA7
B O AR B R GBI BB H &R, R
ik
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‘ Using quasi-random sequences

w ETEAUFF30AF R, B R 0 AR AR B B AR
Z A OB AR O RE RZ ) 6 B, AE AT TR AF
AL B AL K B3 4 oA R AN = ]
CAEBERLAY AR AT B Bt
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Sampling Through the Tree

Instead of sampling from the stochastic process we
can sample paths randomly through a binomial or
trinomial tree to value a derivative

At each node that is reached we sample a randon
number between 0 and 1. If it is between 0 and p, we
take the up branch; if it is between p and 1, we take
the down branch

2 IL.D. Mintz, “Less is more,” RISK, 10, 7 (July 1997), 42-45
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FEBR R

FERA:

> NHAER, THERZEBEEMNIER
> AIAHIREIRMEEX(E

- ERERE

TR ATAE =

BB B2 K
EHREURT S MR

FERA:
> YELAAMBIREIH TRV G
> NTIRE—ENBHRE, —REEAENRIIEE
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Finite Difference Methods

Finite difference methods aim to
represent the differential equation in the
form of a difference equation

We form a grid by considering equally

spaced time values and stock price values

Detine f;;as the value of f at time iAf
when the stock price is jJAS
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The Grid

|

Stock price, S
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Finite Difference Methods

(continued)
o f Of 1 ,,9°f
—+(r—g)S——+ S =
o TS Gy S e
Set ﬁ:fi,jﬂ_ft]—l
oS 2 S
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Implicit Finite Difference Method

g: fi+1,j _fi,j
Ot At

to obtainfor eachnodean equationof the form
of the form:

ad;f;i1 +bjfi,j +iji,'+1 :fi+1,j

Set
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1%

, Bl

(i, j) /=AY

THEARESME—FHIEL

0L 5 i+ 1,)) O RAEAR S

oS’

5f _ fi+1, j+1 _fi+1, j-1

oS

2AS

@2f B fi+1,j+1 T fi+1,j—1 B 2fi+1,j

0S”

AS”
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AR ESE —HTEL

MHNNZER FREBE
fi,j = a;ﬁ+1,j—1 T b;ﬁﬂ,j T C;fm,jﬂ

E
a, = 1+1At (—%(r—q)jAt+%o-2j2Atj
b= 1+1At (1=0"/"1)
= 1+1At (%(r—q)jAt+%o-2j2Atj
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THAERESNE—FIE2
INEKRIIKEY /5, B —FEX, TRZ

91| F1 0T ), B SR AT IAE S 5 —Fh B 14
BIRES %

& _ Jos—Sisy
ot AL

» B HAC A B-S-M T 1i 75 7 %, FEFH Al 5.

Jia,=a Jfi;a+b fi, e fia

E S 1 1 2 2
) = ——(r — A+ —o " AL
2( qg)J .

a
Hep, " =1—rArt—oc’j At

0
*

1 |
= —(r — A+ — o~ 7 AL
2( q)J > ¥ i |

MARETLLEHEH, a +b +¢c =1—rAf . .
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Implicit vs Explicit Finite Difference
Method

The explicit finite difference method is
equivalent to the trinomial tree approach

The implicit finite difference method is
equivalent to a multinomial tree approach

Copyright © 2018 Zhenlong Zheng

51



Implicit vs Explicit
Finite Difference Methods

fi’jﬂ\ /fiﬂ,j+1
fl]/fl+1J fl] fi+1,j
1] —1

fi+1,j—1

Implicit Explicit
Method Method
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BB E 7 A 1ER st

TEEH: E1§Hﬂﬁﬁﬁ'\<zﬂéﬁj\7§ £, AMTEZEHRNTE S EMAZ =InS .
X RO TN
8f 1 2 o0’ f

8f
aZ 27 07>

at =1/

Crank- NlcolsonH . BMBRESTTEMBMBRES T3 7EHF,
==k e A=t

fz’,j + fz’—l,j — ajf;—l,j—l + bjf;—l,j T ]fz 1,j+1 t+a fzg 1 + b f T fzy+1
TR HIZAEMINE WTEEHW*M&'E E’Jﬁﬂﬂﬁﬂé EZE&%J:TL,L
B TEZNIESHME AKX HEA

RELEORHGHR, B8 Crank Nicohon s ARAWI AT L
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Any Questions 7
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